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Abstract: It is obvious that all the elements in a metallic prosthesis implanted in the human body may have beneficial or detrimental 
effects on the tissue-prosthesis interference. For this reason, the precise knowledge of the chemical composition and structure of an 
implantable metallic material becomes a major requirement for estimating the medical prosthesis behavior and minimizing the risk 
of rejection of the implant by the human body. This paper presents an elemental and structural analysis of some potentially 
biocompatible materials, such as AISI 316 and Co-Cr-Mo alloys. 
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1. INTRODUCTION  
 
The Co-Cr-Mo alloy is one of the most used implant 
alloys for artificial joints and offers a good combination 
of mechanical properties, corrosion resistance and 
biocompatibility. There are several types of Co-Cr-Mo 
materials used in the present. Each material has a 
different microstructure, as well as different optimized 
properties for a specific design or function. Stainless 
steels are a class of metallic materials that mostly have 
the properties required for materials that are used in the 
human body: chemical, thermal and mechanical stability, 
biocompatibility.  

 

Martensitic and ferro-martensitic stainless steels are 
characterized by a proportion of the chromium and 
carbon content, so when the steel heats over the 
transformation temperature, its structure becomes 
austenitic, which turns to martensite cooling. In order to 
increase their resistance to hot oxidation, silicon is 
added, and they are alloyed with 2 ÷ 4% Ni to increase 
the tenacity. They are used in a recited and evolving 
state, not in a recoverable state. The martensitic stainless 
steels are strongly magnetic and can be hardened by heat 
treatment. Special heat treatment procedures must ensure 
a good balance between hardness and breakage 
properties. High hardness provides good wear resistance 
and sharp edges keep sharp. These alloys retain their 
mechanical properties and can be used for chisels, pliers, 
scissors, drills.  

 

Ferrite stainless steels are characterized by an average 
content of 0.1 ÷ 0.35% C and 15 ÷ 30% Cr.  

 

 
 

These are single-phase steels and therefore do not suffer 
structural changes in heating and cooling. At certain 
concentrations of carbon and chromium, some 
martensitic structural transformations may occur. These 
steels have a corrosion resistance superior to martensitic 
ones and a lower cost of austenitic. 

Ferro-austenitic stainless steels constitute an 
intermediate family between ferrite and austenitic steels. 

  

Austenitic-ferrite stainless steels are characterized by a 
content of: C ~ 0.05%, 8% Ni and 20-22% Cr. They 
have a very good resistance both to corrosion and high 
temperatures. By molybdenum alloying of these steels 
(1.5% Mo), good mechanical properties are obtained. 
Their structure is determined by the equilibrium between 
alpha elements (Cr, Mo, W, Si, Al, Ti, Nb) and gamma 
elements (C, Ni, Cu, Mn, N). Depending on the 
equivalents in Cr and Ni, the austenitic-ferrite domain 
separates the austenitic domain. At 12% nickel 
equivalent (ENi) and chromium equivalent (ECr) values of 
19%, an austenitic-ferritic structure is obtained, so 
adjusting the content in alpha- and gamma-elements 
produces mixed austenite and ferrite structures. These 
structures present hot processing difficulties, many of 
which have a sensitivity to intergranular corrosion. Their 
properties can be modified by structural hardening. 

 

Austenitic stainless steels are characterized by a low 
carbon content (C <0.1%), a content of 12 ÷ 25% Cr and 
8 ÷ 30% Ni, having a certain proportion of alpha and 
gamma equivalents and a stability of austeniticity to very 
low temperatures. These steels have excellent 
mechanical properties, good corrosion resistance, easy  
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processing by plastic deformation and good welding 
behavior. Austenitic stainless steel has a lower hardness 
than martensitic stainless steel but has better corrosion 
resistance than it does; therefore, in the field of medical 
devices are used in the manufacture of orthopedic 
implants and non-surgical instruments (such as drill 
guides or locating devices).  

 

The representative mark for austenitic stainless steels is 
the one containing 18% Cr and 8% Ni, the quality that is 
mainly used. These steels do not have a transformation 
point, at least above the ambient temperature. They 
consist of a single phase, which can dissolve relatively 
large amounts of carbon, keeping it in a state of 
supersaturation after a sudden cooling. Another notable 
feature of the 316L steel is plastic deformation inside the 
grain. This material is usually used in a 30% cold 
deformation condition because the cold formed metal 
has a flow limit, breakage limit and fatigue strength that 
are heavily elevated to the recoating state. 

 

 
2.  MATERIALS AND METHODS  
 
The  scanning electron microscopy (SEM) study allows 
obtaining qualitative information on porosity, grain size, 
particle size, and microstructural and micro-composite 
information.  

 

In addition, these studies can provide useful information 
for understanding physical phenomena in the field of 
micro or nanostructured materials. An advantage of the 
SEM type analysis is the depth of penetration of the 
relatively large field.  

 

The microstructural analysis was performed in the 
microscopy laboratory at the FEMTO-ST Besançon 
Institute in France using the scanning electron 
microscope (Figures 1.a,b). For a more accurate 
presentation of the particle morphology of the analyzed 
structures, SEM images, obtained for different areas of 
the analyzed sample, will be presented.  

 

Surface roughness is defined as the set of irregularities 
that make up the real surface relief and whose pitch is 
relatively small relative to their depth. The average 
roughness of the surface (Ra) was determined using the 
profilometer type IQ Alpha-Step TENCOR, measuring 
the roughness at random points on the side surface of the 
piece. Parameters of interest are the average surface 
roughness (Ra) - which is defined as the arithmetic mean 
of the deviation from the median profile over the entire 
length measured, and squareness (Rq) - which is defined 
as the square root of the same values.  

 

The metal structure of the CoCr alloy was obtained by 
rapid prototyping on the EOSINT M270 / PSW3.4 laser 
sintering machine from The National Institute of 
Research and Development in Mechatronics and 
Measurement Technique (INCDMTM) – Bucharest.  

 

 

The compositional (elemental) analysis of conventional 
metallic materials (alloys based on Fe, Al, Cu, Co, Ni, 
s.a.) is made almost exclusively by SEOSE spectrometry 
[1-5]. In the field of spectrochemical tests there are both 
standards of competence of the laboratories and of the 
analytical method. Standards SR EN ISO / CEI 17 025, 
SR EN 13005 and European standards EA 04-16, ILAC 
2000, etc. [6, 7] clearly states that the scientific 
substantiation of measurement is crucial for its proper 
modeling and for the development of a knowledge-based 
budget of uncertainty. 

 

The scientific component and test refers to the 
knowledge of phenomenology involved in the 
measurement process, including mathematical modeling. 
For the spectrochemical test of these samples, an optical 
spark emission spectrometer of the Foundry-Master type 
is used.  

 

For the spectrochemical analysis of samples from 
biocompatible material, samples were taken from a 
stainless steel Ni-Cr AISI 316L batch. In order to 
evaluate the conformity of the batch bars with Φ 35mm, 
three probes (C, D, E) as in Figure 2, were tested from 
the batch bars.  

 

Samples were peeled and machined by milling. 
Subsequently, they were polished on surfaces, 
transversally. The results of the spectral tests of samples 
C, D, and E are presented in Table 2. The samples were 
subjected to the grinding operation and for this purpose 
the MLG 11 sanding machine was used. 

 

In addition to other AISI 316L steel samples, two types 
of bars (with Φ = 10 mm and Φ=6 mm) were tested 
spectrochimically. A special clamping device was used 
to investigate these bars. The results of the tests are 
presented in Table 2. In order to clarify the performance 
of the method used, a reference material of type AISI 
316L, which has the concentration specified by an 
accredited laboratory of Polytechnic University of 
Bucharest (UPB-SIM), has been used. The uncertainties 
of the UPB-SIM determinations on the reference sample 
are not estimated. 

 
 

3. EXPERIMENTAL RESULTS 
 

As can be seen in the figure in Figure 3, the laser beam 
transversely scraps the mark during its construction. The 
appearance of the surface of the piece also suggests a 
beam passage along its outline (Figure 3 a, b). Figure 4 
shows the appearance of the side surface of the 
workpiece. The image also suggests a passage of the 
beam along its contour. The upper surface of the 
workpiece (the one processed by the laser beam) shows 
small dust or dimples (≈ 20-30 μm), figure 4 [8, 9]. 

 

The piece has a rough appearance in the lateral surface, 
the roughness being more pronounced in the lateral 
surface than the front surface, as can be seen in Figures 
3, 4 and in the data centralized in Table 1.  
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The front surface roughness is Ra frontal = 0.244 μm, 
while the side surface roughness has a side Ra = 2.553 
μm. The obtained values are centralized in Table 1 [8]. 
 
The lateral surface is much more irregular than the front 
surface.  

Practically, the side surface consists of the powder 
particle profile, which was the origin of the piece 
manufacturing.  
 

The rough appearance is clearly revealed in Figures 5- 6, 
which show the side faces of the workpiece. 
 

 

            
a)                b) 

Figure 1. Scanning Electron Microscope - FEMTO Besançon Institute in France 

 

 
Figure 2. The macroscopic appearance of C, D, E samples. 

 

           
a)                               b) 

Figure 3. SEM micrograph of the CoCr alloy piece: front (a), detail (b). 

 
Table 1. Roughness values for the CoCr piece 

 

Surface analyzed Roughness Value (μm) 
Front surface (x-y) Ra 0.244 

Front surface Rq 0.305 
The side surface (x-z) Ra 2.553 

The side surface Rq 2.924 
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The detail in Figure 5 highlights the lateral area of the 
manufactured piece where the sintered powder particles 
can be seen. In the largest proportion, the particles have 
the dimensions in the range 20-30 μm (Figure 6), 
although some of the larger ones can be highlighted.  

 
Experimental results by the Foundry Master emission 
spectrometer 
 
From Figure 7.c) it is observed that the concentration 
values of the Co element are non-homogeneous in the 
bar, after which the concentration of Co is homogenized. 
Cobalt has the highest coefficient of variation along the 
bar, which is 23%. It was found that the chromium 
element as well as the nickel have a homogeneous 
distribution along the bar, as can be seen in Figure 7.a), 
and the carbon element as silicon, phosphorus, titanium, 
vanadium are almost homogeneous (Figure 7.b). 
 
 

 
Figure 4. Electronic side microscopy 

 
 

 
Figure 5. Part aspect of the piece in the lateral area  

(top view) 
 
 
 
 
 
 
 

 
 

 

Figure 6. Electronic microscopy of the side of the piece 
 
 

 
a) 
 

 
b) 
 

 
c) 

Figure. 7. a), b), c). Distribution of the concentration  
of Cr, C and Co elements in the AISI 316L steel bar 
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Table 2. Results of spectral tests of samples C, D, and E, bars and reference material type AISI 316L 

 
 
 
4. CONCLUSIONS 

 
The dimensional precision and surface quality of laser 
selective sintering parts are better than conventional 
parts, this technology being fast, flexible and allowing 
for prototype manufacturing. It is noted that the 
microstructural changes obtained affect the mechanical 
properties and the wear properties. Therefore, after the 
analysis, heat treatment is recommended to improve the 
mechanical properties of the alloy without loss of 
corrosion resistance. 
 

By comparing the carbon concentrations in the AISI 
316L steel samples C, D, E with the values specified in 
SR ISO 5832-1/1999, they do not satisfy the 
requirements of the standard. Even if it is considered to  
 
 

 
fit the carbon at the lower limit of the confidence 
interval, the samples can not be considered 
biocompatible. The sample of Φ = 10 mm complies in 
the terms of SR ISO 5832-1/1999. Make a fit of the 
sample has Φ = 10 mm as biocompatible is risky because 
the real Carbon concentration is in the range [0.23 ÷ 
0.37] with a probability of 95%.  
 
Therefore, it is very likely that the concentration value of 
Carbon is greater than 0.03%, in particular, it is risky to 
consider that the material is biocompatible. By 
comparing the data obtained from the UPB-SIM 
laboratory with the spectrochimic data obtained with the 
Foundry-Master instrument, it results that the 
concentration deviations are less than 0.01% for most of 
the dosed elements, and in the worst case they reach 
0.56% what is normal for spectrochemical tests.  
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In this context, it can be considered that the method 
applied with the Foundry-Master spectrometer is at least 
at the level of performance of current modern apparatus. 
Under these circumstances, in order to evaluate the 
biocompatibility of AISI 316L type steels, it is necessary 
to improve the performance of the Foundry-Master 
spectrometer by reducing the impact of the influence 
factors. 
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Abstract: This work is an attempt viewing to emphasize the possibility of using waste - as aggregate - from the demolition of 
silicoaluminuous refractory linings for manufacturing concrete with aluminuous cement. The article shows further on the 
possibilities of reducing the cement dosage and of using cheap admixtures.  
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1. INTRODUCTION

One was previously concerned to equate some refractory 
concrete grades, which are offered for selling by firms, 
which are recognized as important producers of this kind 
of refractories. This is one of the main reasons for using 
rationally refractory concrete, but not always, functions 
of their thermo mechanical, structural and compositional 
properties, of conditions of the application medium and 
not at last, correlated with expenses determined by the 
context of reaching identical operation performances. 

Another eloquent example is that of using expensive 
high aluminuous concrete (containing over 80% Al2O3) 
or magnesitic refractory masses at temperatures ranging 
from 400 to 12000C (known as critical temperature 
range for refractory concretes), like, for example, the 
leveling layer of casting ladles. The composition and 
mechanical - structural properties of the high-
temperature performance refractory concretes 
recommend that they be used at significantly higher 
temperatures (this happens usually). However, the use of 
these refractories often at lower temperatures is due to 
the lack of a suitable alternative on refractory monolithic 
that could provide the most efficient solution required by 
specificity of the place application. 

There are also intense preoccupations worldwide as 
concern the correlation of conditions imposed by as well 
the application medium or placement with the 
mechanical, structural and compositional properties as 
the costs of concrete and especially, concerning those 
concretes for special placements. As derived from this 
correlation (which determines, implicitly, the existence 
of a large range of grades) one applies rigorously 
refractory concretes having benefic influences on the  

decrease of materials expenses and finally, increasing the 
general efficiency.  

By knowing the relationships between 
mechanostructural and thermo technological properties 
on one side and the composition of refractory concretes 
on the other side, one can obtain such products, which 
have to answer efficiently to the conditions of the 
planned placement. 

Under these general circumstances, one should mention 
also the present preoccupations concerning the obtaining 
of thermo resistant concretes (having low cost prices and 
an application range from 400-12000C), by using 
aluminuous cements and capitalizing cheap refractory 
aggregates and specific admixtures, able to develop other 
hardening systems too, which action concomitantly with 
the hydraulic binding form and having a complementary 
influence on the hardening process. 

The use of admixtures in refractory concrete 
manufacturing technology is due to the effect they have 
on the reducing of necessary cement content (which is 
also an expensive component and a fusion agent, also). 
The effect of diminishing the proportion of cement is 
reflected on the increase of refractority for the new 
monolithic product. Reducing the cement content by 
using admixtures does not adversely affect the strength 
of the new product, but on the contrary, these admixtures 
will develop a strengthening structures with superior 
mechanical properties to those similar structures of the 
concretes with normal cement content, but non-
additivated [1- 20]. This can be explained by the fact that 
the presence of admixtures acts on the growth and 
distribution of resulting hydrated neoformations that 
have a much larger specific surface area. At the same 
time, new binding forms are being developed which 
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coexist with the hydraulic form and which have a 
complementary effect on the global strengthening 
process. In this way there are the structural and 
morphological changes of the binding matrix - processes 
with direct and beneficial influence on the cohesion of 
the system, even using reduced cement content.  
 

The effect of such substances, both associated or not 
with that of plastifying ceramic admixtures, of 
admixtures, which condition the chemical and colloidal 
binding or of high dispersed powders influencing the 
structural densification and sintering can determine 
establish superior resistance properties and can 
contribute to their benefic evolution if temperature is 
increasing. Thus, the positive consequences of hydraulic 
cement dosage decrease are better capitalized, due to the 
fact that, simultaneously, the cohesion tying forces 
matrix - aggregate are not diminished, and also the 
rheologic behavior and the workability of concretes 
being essentially improved.  
 
2. RAW MATERIALS AND WORKING METHODS 
 

An aluminuous cement (AC), containing 72% Al2O3 
and 24% CaO was used as an agent of hydraulic binding. 
The proportion of cement ranges between 10 and max. 
12%, complying with Low Cement Concretes. The fine 
powders of condensed silica fume (CSF) and special 
hydrated alumina (AH) represent the carriers of the 
coagulation binding system and at the same time, the 
stabilization agent (see [19]). These mineral powders 
were used at a ratio amounting to CSF/AH = 0.75. The 
electrolyte (powder phosphate which is soluble in water), 
acts as a pH regulator of the aqueous systems, during the 
hardening process and at the same time, possibly, as an 
admixture for the chemical binding. Potassium fluoride 
was used as a compacting agent and accelerator of the 
hardening process. One used as aggregate the Recycled 
Clay type D79 (STAS 4915/1976). Table 1 presents the 
qualitative properties of the materials used for the 
experimental samples preparation.  
Concrete samples were made by casting - vibration. 
Physical properties (i.e., strength, porosity and density) 
have been performed on the standardized specimens. 
After max. 3 days of free hardening (at different times); 
the samples were dried at 1100C. After 2 days of free 
hardening, the samples were heated to12000C. 

Table 1.  The chemical composition of raw materials 

Chemical analyse, % 
Raw materials Al2O3 SiO2 Fe2O3 Alkali CaO Loss of 

ignition 
Aluminuous Cement (AC) 72 0.5 0.45 0.2 24 - 

Recycled Clay D79 55.2 36.6 1.78 0.2 1.3 - 
Special hydrated 

alumina(HA) 
64.6 0.03 0.025 0.35 - 35.0 

Condensed Silica Fume 
(CSF) 

0.46 87.5 1.73 1.20 1.1 - 

Potassium fluoride  min. 99% KF 
Aluminium Phosphate  P2O5 = Minimum 55.7%  

 
3. RESULTS AND DISCUSSIONS 

The analyze of data from table 2 shows that the new 
concrete (with 42% Al2O3) prepared with Potassium 
fluoride, which provides the hardening of the monolithic 
unit up to values within the critical range of temperature, 
develops mechanical strengths of great value even to 
short time hardening. Thus, at a day of free hardening,  
 
 

 
the sample develops a high compressive strength of 370 
daN/cm2 and after two days it reaches 430 daN/cm2. It 
can be observed, by comparison, that the developed 
resistance of nonaditivated concrete at the same time is 
considerably lower (200 daN/cm2 and 270 daN/cm2, 
respectively).  

Table 2.  Mechanostructural and thermo technological properties of free hardening concrete  

Free hardening period, 
days 

Strength,  
daN/cm2 

Apparent density, 
g/cm3 

Porosity, 
% 

1 day, dried at 110 0 C 
370 

(200) 
2.69 

(2.54) 
21 

(33) 

2 days, dried at 110 0 C 
430 

(270) 
2.71 

(2.55) 
22 

(32) 

3 days, dried at 110 0 C 
460 

(330) 
2.72 

(2.57) 
23 

(32) 
Water Necessary, % 7    (16.5) 

             x) For comparison, the properties of the concrete with refractory clay aggregate and 20% cement without admixtures are put in brackets. 
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The increase of strength for the additivated concrete after 
3 days of free hardening (460 daN/cm2) is still of little 
importance as compared with that developed after 2 days 
(430 daN/cm2) due to the fact that it increases only by 
7%; one observes once again the importance of 
hardening for this concrete after 2 days of free 
hardening.   
At the same time it can be noticed that the structure of 
the new investigated concrete has a higher density 
compared to that of a refractory concrete with the normal 
cement dosage (20%), but without admixtures. The 
improved compactness of the new studied concrete is the 
result of a lower porosity and a different pore size 

distribution – fig. 1, an aspect which was confirmed by 
investigations performed using electron microscopy, 
also. Thus, by reducing of the cement dosage, correlated 
with the use of admixtures, one can observe that the size 
of the majority pores shifts towards lower values. While 
the majority pores of nonadmixtured concretes show a 
radii between 1-10 µ, this category of pores for the 
additivated concretes shows radii ranging from 0.1 to 1 
µ. At the same time, the presence of pores with a radius 
of less than 0.1 μ is diminished.  So, this dimensional 
pore change determines the development of the more 
densified structures for the studied monolithic.  

 

Figure 1. Distributive porosity (______integral curves, _ _ _ _ _  differential curves) of concretes after two days of 
free hardening: 1. Concrete without admixtures; 2. Concrete with admixtures 

 

On the other hand, this also results from the of the 
electron microscopy investigations (Figure 2) also, 
which show that the structure of the new concrete with 
admixtures is more compact compared to concrete with 
20% cement, but nonadditivated.  
 

As resulting from the above mentioned, there is no doubt 
that the beneficial effect of admixtures used is observed 
on short hardening terms (1 and 2 days), when, e.g., after 
2 days of free structuration, the concrete with admixtures 
develops, as before said, a mechanical resistance to 
compression of 430 daN/cm2, which allows the 
permanent and wear-resistant linings to be applied on the 
leveling layer of the steel transportation ladle. 
The aim pursued was to accelerate the hardening process 
of concrete, which is used as equalization layer, this one 

becoming enough mechanically resistant after 2 days of 
hardening, thus, being able to provide the start-up of the  
building works of refractory linings for ladle and also, to 
resist to mechanical stress determined by the refractory 
brickwork (the permanent and the wear resistant linings) 
and  by the molten steel mass, also.  
 

Thus, it was possible to establish the characteristics of 
the concrete at 12000C (the highest temperature for 
which one supposes the equalization layer operates), 
after 2 days of free hardening, see table 3.  
 

The performed analysis reveals that for 12000C the main 
mechanostructural characteristics of concretes remain 
the similar as those emphasized in the case of free 
hardening product. 
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(a)                                                                                     (b) 

Figure 2. The microstructure of the concrete after two days of free  
hardening (x 1000): a. Concrete without admixtures; b. Concrete with admixtures 

 

Table 3x). Mechanostructural properties of thermo resistant concretes heat-treated,  
after 2 days of free hardening 

 
Heat treatment 
temperature, 

 0C 

 
Strength,  
daN/cm2 

Apparent 
density, 
g/cm3 

Porosity,  
% 

Dimensional 
variation, 

 % 
110 430 

(270) 
2.71 

(2.55) 
22 

(32) 
- 

1200 440 
(200) 

2.69 
(2.40) 

24 
(34) 

+ 0,06 
- 0,21 

Refractoriness, 
0C  

1700 (1650) 

x) For comparison, the properties of the concrete with chamotte aggregate and 20% cement, without admixtures, are put in brackets. 
 

This ascertainment is a supplementary reason to believe 
that the new concrete will appropriately behave under 
running conditions as leveling layer of the casting ladle 
having 50t or 180 t steel capacity (see [20]).  
 

It must be emphasized that the refractoriness value of the 
studied concrete is superior to the temperatures for 
which it operates as equalization layer. 
 

The fact that the new concrete emphasize a slight 
expansion to heating (+ 0.06%) - is another reason 
concerning a good running behavior. 

 

As derives from the above mentioned and encouraging 
results, obtained previously by using concretes, which 
are analogous from the viewpoint of conception, for 
steam power plant coppers, deep furnaces and for the 50 
t ladle [20], one can sustain that the investigated thermo 
resistant concrete prepared with admixtures can be used 
as leveling layer for the 180 t casting ladle. After 2 days 
of hardening, it is can be realized the permanent and 
wear-resistant brickwork structure.  

 
4. APPLICATIONS 

One used previously a special concrete as equalization 
layer [21 - 24] for the ladle of 50 t and 180 t steel 
capacity at SIDEX Galati steelworks, figure. 3.  
 
The very good behavior of the investigated ladles 
permitted the generalization , in the years 1997-1998, 
of this solution at SIDEX Galati, thus, being saved 
200,000 US$ yearly.  
 

       

Figure 3. The ladle used in steelworks 
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4. CONCLUSIONS 

The clay selected from the destruction of resistant to 
heat linings can be reused for thermo resistant concrete 
manufacturing. The free strengthening of these 
concretes takes place by the active contribution of a 
complex binding system (due to simultaneous 
existence of the coagulation, chemical and hydraulic  
 
 

 
 
binding forms), where the hydraulic one (due to the 
aluminous cement) is of the first importance.No 
behavior differences were observed using Potassium 
fluoride (as a compacting agent and accelerator of the 
hardening process) instead of Lithium fluoride 
(experimented in other works on the same subject)
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Abstract:  The word-wide demand for energy is constantly increasing, and therefore ideas around future energy-generation are also 
on the increase with the aim of meeting this demand. This includes designs for the next generation of nuclear power reactors, such as 
gas-cooled, liquid-metal-cooled and water-cooled reactors; the goal being to create smarter ways to produce more economical, 
environmentally-friendly energy. The conditions such reactors would need to meet, present significant design challenges for scientist 
and engineers, not least around the structural materials and components to use. Depending on the operational conditions, use of 
elevated- temperature ferritic/martensitic materials such as P91 and P92 steel are favoured by several of the designs for use with 
out-of-core and in-core applications. The main goal behind this review article is to explain mechanical properties of P91 and P92 
steel; these are two types of ferritic/martensitic steels. This reviewer, highlight and discuss the development of ferritic/martenisitc 
steels for nuclear programmes and to explain the effect of irradiation on mechanical properties of P91 and P92. 

Keywords:  Ferritic-martensitic steels, Microstructure, Irradiation hardening, Embrittlement, Swelling 

 
1. INTRODUCTION  

Fast reactors can generate capacity by using U238 or 
Th232 without losing any net of thermal materials. 
Whereas, to generate power, a thermal reactor use U235  
that forms only 0.7% of natural uranium. Thermal 
reactors can also use some of U238  by converting it to 
Pu239 as a result of fission, but only a very small amount 
of U238 can directly be converted. The amount of energy, 
which can be extracted from natural uranium via a 
thermal reactor, is 60 to 80 times lower than the energy 
that can be procured by fast reactors, even allowing for 
all the losses during fuel recycling necessary in the fast 
reactor process [1].  

The economic situation has had an impact on every fast 
reactor programme. It was in the early 1940s that the 
potential concept of the fast reactor as an energy 
generator was first conceived. Scientists discovered that 
U235 isotopes are very limited on earth, and so it became 
clear that it would be important to develop a way of 
using   U238  as a power source in a fast reactor. At the 
time, it was also thought that because the fast reactor 
cores were smaller than thermal reactor the cost of 

reprocessing plutonium-containing fuel would be lower. 
The expense turned out later to have been under-
estimated. Overall, it was thought that the cost of 
building fast reactors was lower than building thermal 
reactors. This explains the rapid development of fast 
reactors in countries such as USA, USSR and the UK. A 
number of reactors were built and operated in these 
locations, providing up to 100MW power [2]. 

In late 1951, Experimental Breeder Reactor I (EBRI), the 
world’s first reactor, was built to generate electricity.   
Thereafter, during the 1970s several reactors were built, 
such as PFR in the UK, PHENIX in France, BN350 in 
U.S.S.R, and a few years later SNR300 was built in 
Germany; these each had thermal outputs of 500MW to 
1000MW.  The first large prototype of a fast reactor was 
BN600 in the U.S.S.R (600MW (E)) in the 1980s, after 
which a number of reactors were built across Europe, 
such as the criticality of Super Phenix (120MW (E)) in 
1983 in France, BN1600 (1600MW (E)) in U.S.S.R, 
CDFR (120MW (E)) in the UK, SNR2 (1300 MW (E)) 
in Germany, and Super Phenix ІІ (1500MW (E)) in 
France. Table 1.  Shows the list of largest fast reactors 
power generation in the world [1]. 

Table 1.  List of largest fast reactors power generation in the world 

Name Location Date critical Thermal power 
(MW) 

Electrical 
power(MW) 

BN350 U.S.S.R. 1972 1000 150a 

Phenix France 1973 570 250 
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PFR U.K 1974 600 250 

BN600 U.S.S.R. 1980 1470 600 

Super Phenix France 1985 3000 1200b 

SNR-300 West Germany Construction 
complete 

770 325 

Monju Japan Under construction 715 280 
BN800 U.S.S.R. Under construction 2100 800 

 

2. FAST REACTOR CORE COMPONENTS  

In the fuel subassemblies of fast reactors, wrapper and 
clad tubes are used, as the fuel assemblies suffer the 
most damage during operation, due to an intense 
combination of high neutron radiation at high 
temperature. This causes some material problems such as 
irradiation hardening, irradiation growth, void swelling, 
irradiation embrittlement, helium embrittlement and 
irradiation creeps. The choice of materials of 
subassembly, the dominant core structural component, is 
governed by any deterioration in the mechanical 
properties and resistance to void swelling. In early fast 
reactors, austenitic stainless steel (type 316) was used, 
which works in less-than-20% cold condition, whereas 
the 316 austenitic stainless steel has low achievable 
burn-up, about 50 dpa [3]. 

 Over time, materials for fast reactor core components 
have evolved and a new type of materials has begun to 
be used, in the form of ferritic and ferritic/martenisitc 
steels. Ferritic steel has high void swelling resistance as 
it consists of a central cubic crystal structure; this is 
more open compared to austenitic steel that has a face-
centered cubic crystal structure. This leads to faster 
diffusion in ferritic steel. Another reason that ferritic 
steel has higher void swelling resistance is because the 
ferritic steel has lower cavity density compared to the 
higher defect sink strength in ferritic martensitic steel. 
On the other hand, ignoring void swelling, it is 
considered that 9-1%Cr ferritic- martenisitc steel offers a 
more long-term solution for core component material in 
fast reactors. There are some types of ferritic/martensitic 
such as 9Cr-1Mo(Gr.91), 9Cr-1Mo (EM10), 12Cr-
1MoVW(HT9) and 9Cr-2MoVNB(EM12), which have 
good resistance to radiation even up to 200 dpa. Despite 
this advantage, these alloys have low creep resistance at 
high temperatures, typically those above 823K. 
Therefore, ferritic martenesitic cannot be used for 
applications, which require high creep strength. 
Ferritic/martenesitic steels such as P91 and P92 tend to 
be used for wrapper material because they can operate at 
low temperature and at low pressure.  

In conclusion, it has been observed that radiation and 
high temperature have several effects on reactor core 
components, namely irradiation hardening, irradiation 
creep, irradiation embrittlement, void swelling, helium  

 

 

embrittlement and irradiation growth. Studies have 
concentrated on such issues as they put the largest 
constrain on reactor lifetime. These are discussed in 
detail later [3]. 

3. FERRITIC 9Cr STEELS 

Over the past century, the nuclear community has 
attempted to extend the lifetime of components and to 
enhance the development of radiation-resistance 
materials. Over this timeframe,  three ‘generations’ of 
materials have been developed, increasing  burn up fuel 
45 dpa to 316 for austenitic stainless steel, and for 
ferritic steels to above 180 dpa; currently there are 
efforts to achieve a target burn-up of 250 dpa through 
use of advanced ferritic steels. The present generation of 
ferritic and ferritic- martensitic steels has been 
developed not only for their resistance to high 
temperatures, but also for their creep-resistance. This 
started with carbon and C-Mn steels, which had a 
maximum temperature nearly 523 K, and it improved 
with various levels of molybdenum and chromium. As a 
result the temperature has been increased about 873 K 
with improvement in Cr-Mo steels. Presently, the ferritic 
and ferritic- martensitic steels not only have a high 
temperature and creep resistance, but they also provide 
the best void swelling, embrittlement, and have a 
microstructure which is relatively simple to manipulate 
[4]. 

4. FERRITIC/ MARTENSITIC STEELS FOR 
NUCLEAR REACTORS 

 
4.1 Fission reactor 
 
In the 1970s, the main materials for fast reactor  in-core 
applications, such as wrapper, cladding and duct, were 
(9-12%Cr) ferritic/martensitic steel because they have 
lower expansion coefficients and higher thermal 
conductivity compared to austenitic steels. Moreover 
ferritic/martensitic have extremely good irradiation 
resistance to prevent swelling [5]. 

In Europe in the 1960s, the Sandvik HT9 (Fe-12Cr-1Mo-
0.5W-0.5 Ni-0.25V-0.2C) was developed for power 
generation industry. Then in USA the same materials 
were investigated for their potential within a fast reactor 
programme,  with similar kind of steel being explored 
simultaneously in Europe; EM-12 ,JFMS, FV448, and 
DIN1.4914, in France, Japan, United Kingdom, 

19



The Scientific Bulletin of VALAHIA University-MATERIALS and MECHANICS –Vol. 17, No. 16 
 

Germany , respectively.  Explorations around HT9 and 
the above steel materials brought to light a large amount 
of information about their physical and mechanical 
properties, both before and after irradiation within 
nuclear reactors [6]. 

Coming more up to date, ferritic and martensitic (high 
chromium 9-12% Cr) steels are now used in Generation 
IV reactor applications, as there is an extremely high 
temperature threshold in Generation IV reactor designs. 
However, in some parts of the reactor which operate at 
lower temperatures, such as piping, pressure vessels, 
etc,) low alloy steels are used. In commercial light water 
reactors, the pressure-boundary component uses low 
alloy ferritic and bainitic steels, namely A533B, because 
the pressure-boundary operates at high temperature. It 
has been observed that steel with lower chromium than 
9-12% could probably be used in these applications, 
negating the use of steels such as A533B [7]. 

4.2 Fusion reactor  

Ferritic/martensitic steels were used for early fast reactor 
programmes in Japan and Europe [8]. Then, similarly in 
the late 1970s in the USA, the same steels were 
considered for fusion reactor programmes, with 
structural materials such as Sandvik HT9 steel, being the 
primary one considered  [6, 9]. In around 1985, the 
international fusion programme introduced the notion of 
low-activate materials [5]. The purpose of this was to 
build fusion reactors using materials which, when 
irradiated, would not activate, or even if activated, the 
radioactive decay would be so fast as to maintain only 
low levels of radiation, thus increasing the safety of 
operations and hands-on maintenance. In reality, it is 
virtually impossible to provide “low activation” steels, 
because the decay of radioactive products from 
transmutation of the iron atoms limits the low-activation 

steels. “Reduced-activation” however, did prove a more 
feasible concept to make into a reality [10]. 

In the mid 1980s to early 1990s, reduced-activation 
ferritic/ martensitic steels were developed via fusion 
reactor materials research programmes in Europe, the 
USA and Japan. Reduced-activation steels decays a short 
time after they are irradiated and activated, therefore 
they require only shallow land burial when disposing of 
decommissioned plant components. Depending on 
nuclear calculations, the steel alloying elements Nb, Mo, 
Cu, N, and Ni require minimizing or eliminating 
[11].Furthermore, to produce the reduced-activation 
steels, there must be a process of replacing  molybdenum 
with vanadium or tungsten in conventional Cr-Mo steels. 
In addition, tantalum needs to be added as a replacement 
for niobium. Steels with more than 12% chromium were 
not favoured, because without increasing manganese or 
carbon for austenite stabilization, it is difficult to 
eliminate σ-ferritic in these proportions.  Because of this 
steel with 7-9% chromium were favoured. Delta-ferritic 
can demonstrate lower toughness, and can be suffer from 
embrittlement [12], because manganese promotes chi-
phase precipitation during irradiation. In the end 7-9% 
Cr steels were borderline, and selected for further 
investigation, development and study, whereas steels 
with 2.25%Cr were certain to be considered [13]. 

Finally, in Europe, Fe-8.5Cr-1.0W-0.05Mn-0.25V-
0.08Ta-0.05N-0.005B-0.10C (Eurofer) steels were 
chosen and investigated [13], and in Japan Fe-7.5Cr-
2.0W-0.2V-0.04Ta-0.10C (F82H) steels were chosen for 
the programme.  In the USA, the steel with the most 
appropriate features and properties was a Fe-9Cr-2W-
0.25V-0.07Ta-0.10C steel. Compositions of reduced 
activation steels currently of interest in international 
fusion reactor programmes, as shown in the Table 2. [7]. 

Table 2. Nominal Composition of Reduced-Activation Steels (wt %) 

Program Steels Cr Si Mn Cr W V Ta N B Others 

USA ORNL 9Cr-
2WVTa 

0.10 0.30 0.40 9.0 2.0 0.25 0.07    

Europe EUROFER 0.11 0.05 0.5 8.5 1.0 0.25 0.08 0.03 0.005  
 OPTIFER 

TWO 
0.125 0.04 0.5 9.40  0.25  0.015 0.006 1.1Ge 

Japan F82H 0.10 0.2 0.5 8.0 2.0 0.2 0.04 <0.01 0.003  
 JLF-1 0.10 0.08 0.45 9.0 2.0 0.2 0.07 0.05   
 OPTIFER 1a 0.10 0.06 0.5 9.3 1.0 0.25 0.07 0.015 0.006  
 

5. STEEL P91 

In 1970, P/T91 steels were developed in the USA for 
nuclear programme by combustion engineering and Oak 
Ridge National Laboratories, based on the 9 Cr- 1Mo 
tube steel. The creep strength of  P91/T91 was enhanced 
by adding small amount of N, Nb, and V with  

 

 

optimization of the alloy composition. Around 1984, it 
was discovered that P91 steel could be used in the 
ASME code, and in conventional steam plants. In 1988 
the first large application of the P91/T91 steel was used 
at USC steam conditions in Kawagoe Plants, with steam 
parameter 31MPa/566 C in Japan [14]. 

It must be recognised that there are some disadvantages 
to P91. Whilst there was a demand for ferritic steels with 
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high creep strength, which led to the improvement in 9-
12 chromium martensitic steels, such steels were 
improved because of the demand for ferritic steels with 
high creep strength. However, their long-term 
performance in terms of actual plant functionality is less 
well known, especially concerning dense section 
components such as steam pipe and headers.  [15] 
highlights the need for cautious observations to evaluate 
long-term performance of components made from 9%Cr 
martensitic steels. He highlights research indicating a 
number of unexpected premature failures of P91 welding 
within nuclear plant, but acknowledges the complexity 
of factors leading to such failures. 

6. STEEL P92 

In the mid 1980s, NF616 steels, which comprise 
tungsten alloyed 9% Cr steel, were produced for the first 
time, based on the long-term studies Professor Fujita at 
the University of Tokyo, on  9-12% Cr steels. The basic 
concept to create this new steel is to add boron and 
replace a part of molybdenum with tungsten, 
approximately 1.8%. This development spread around 
the globe and was used by boilermakers, steels makers 
and many in industry. Furthermore, in Denmark, Japan, 
USA, and the UK, the process was customized for pipe 
bending, welding procedures and pipe production. This 
enabled long-term data on creep for this steel, to be 
collated.  Eventually, in 1994, ASME code approval for 
this steel was given, and it was labelled P92. in 2001, the 

first large application for P92 steel was in the Danish 
400 MW USE nuclear power plant,  with steam 
parameter 30 MPa/580 C/600 C [15]. 

7. BASIC METALLURGY AND CHEMICAL 
COMPONENTS  

In the mid of seventies after a quiet period, development 
of materials restarted in countries such as USA and 
Japan. As a result, a new type of steel was created in 
USA., namely T/P91 that was designed like 
(X10CrMoVNb9-1). This steel has been used in the 
refurbishment of high temperature/high pressure piping 
system and new nuclear power plant throughout the 
world [16]. 

The carbon content in T/P91 is lower than 
X20CrMoNiV11-1, but significantly, the creep rupture 
strength of T/P91 is higher than X20CrMoNiV11-1. This 
is because T/P91 contains the alloys vanadium and 
niobium, which create Nb/V- these carbonitrides, of type 
MX, bring additional strength. This was important to the 
balance of compositions, because particle size and an 
optimum dispersion of MX can only be attained by an 
optimized Nb/V- ratio, in addition to nitrogen content. 
On the fundamental principles of T/P91, other new steel 
grades have been developed, such as T/P911, T/P92 and 
T/P122; these steel grades represent the latest stage of 
evolution in creep resistance ferritic steel to date [17, 
18]. 

Table 3. Outline the typical weight percentage of each alloying element in T/P91 and T/P92 steel 

 C Si Mn Al Cr Ni Mo W V Nb B N 

T/P91 
0.08 

- 
0.12 

0.20 
- 

0.50 

0.30 
- 

0.60 

max. 
0.040 

8.00 
- 

9.50 

max. 
0.40 

0.85 
- 

1.05 
 

0.18 
- 

0.25 

0.06 
- 

0.10 
 

0.030 
- 

0.07 

T/P92 
0.07 

- 
0.13 

max. 
0.50 

0.30 
- 

0.60 

max. 
0.04 

8.50 
- 

9.50 

max. 
0.40 

0.30 
- 

0.60 

1.50 
- 

2.00 

0.15 
- 

0.25 

0.04 
- 

0.09 

0.001 
- 

0.006 

0.030 
– 

0.070 
 

From Table 3. is clear that T/P92 contains extra alloying 
elements in the form of boron and tungsten, in order to 
avoid the formation of σ-ferritic in the microstructure, 
the molybdenum content of these high-tungsten steels 
decreased to about  0.5 % [19].  

8. EFFECTS OF COMPONENT ELEMENTS ON 
PROPERTIES  

The terms Ferritic and martenisitc steel refer to a 
material’s crystallographic structure; ferritic is body 
centered cubic, whereas martensite has a distorted 
tetragonal that represents a distorted face-centered cubic 
structure converting into a body-centered structure. 
Ferritic and ferritic- martensitic materials consist of 
several alloy elements, each of them bringing a specific 
feature or property to the material, thus being added into 
the metal for that purpose.  

 

This includes the adaption of mechanical properties, 
namely strength and toughness.  

T/P91 and T/P92 are types of ferritic steel that contain 
some chemical compositions. A discussion follows as to 
these compositions’  effects on steel P91, 92 [7]. 

8.1 Effect of Chromium  

Chromium, which is a ferrite stabilizing element, can be 
added to steel for corrosion and oxidation resistance. If it 
is added to iron, it will provide solid-solution 
strengthening. Furthermore, Carbides such as M7C3 and 
M23C6  are formed by carbon chromium reaction in the 
2-12% Cr steels M7C3  Carbide forms in chromium steels 
(<7% Cr). The M23C6 carbide dominates in the 9-12% 
chromium steels; it forms during tempering and stays 
present all through the raised temperature exposure. It 
has been observed that M23C6 carbide forms in the P91 
steels. The creep resistance properties occur as a result of 
grain boundaries, also a pinning of dislocations by these 
secondary phase precipitates [20]. 
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8.2 Effect of Tungsten and Molybdenum  

Tungsten and molybdenum elements, which have been 
utilized in heat resistance steels, are effective solid-
solution strengtheners. Tungsten is present in modified 
9Cr-1Mo, and usually contains about 1.8% W and 0.5 
wt% Mo, whereas around 1wt% Mo is standard for P91 
steels (9Cr 1Mo V Nb) type .It has been observed in the 
literature [7] that molybdenum is effective in high 
temperatures with properties of 9% chromium steels, and 
also that creep rupture and elevated temperature go up 
when the molybdenum content is raised. Tungsten and 
molybdenum are ferritic stabilizers, and their presence 
must be limited to avoid δ-ferritic; in a tempered 
condition they are divided between the solid-solution 
and in this way incorporated in the MX and M23C6. 
Therefore, the solid solution strengthening of iron 
increases relatively significantly by these elements. 
Tungsten diffuses more slowly than molybdenum, which 
slows laves precipitation and recovery processes [7]. 

Adding tungsten and molybdenum atoms to steels 
produces a local strain within the matrix lattice, and thus 
impedes the free movement of dislocations. As a result, 
creep rupture strengthens and hardness increases within 
the steel. It also has been observed that the solid- 
solution strengthening effect of W/Mo reduces 
dramatically during creep exposure because of laves 
phase precipitation.  However, this can be compensated 
for by raising the quantity of W/Mo in solid solution in 
the received steel. This is due to the solid solubility of 
Mo in P91 steel; this needs to be around 1 wt% at 600C 
[7]. 

8.3 Effect of Vanadium and Niobium  

The vanadium (V) and niobium (Nb) are strong carbide, 
nitride, and carbonitride formers, they can form MX, in 
the 9-12% Cr steels, where M refers to vanadium or 
niobium, whereas X refers to nitrogen, carbon, or a 
combination of the two. This results in the following 
combinations; carbides (MC), nitrides (MN), or 
carbonitrides (M(C, N)). It was believed that the 
formation of vanadium carbide caused a strengthening of 
steels. Most recently, research also point outs that the 
vanadium of MX is rich in nitrogen as well. Niobium 
forms highly stable carbides, with a requirement to heat 
steel to temperatures way beyond normal austenitising 
temperatures in order to completely dissolve niobium 
carbides. The grain growth is restricted by un-dissolved 
niobium carbides during austenitization, therefore a 
refined prior austenite grain size is produced [15]. 

8.4 Effect of Boron and Phosphorus  

Boron is a surface-active element with a low solubility in 
ferrite; it is also sometimes used to increase the ability to 
harden. Boron is added in several of the 9-12% Cr steels 
about 0.005-0.01%, because it has been reported that 
steel which contains boron, observes low coarsening 
rates and can segregate the surface of the  M23C6, which 

in turn encourages the pinning of the sub grain 
boundaries. Phosphorus can also segregate to the surface 
of  M23C6, and small quantities can be found in the Laves 
phase [7]. 

8.5 Effect of Manganese and Nickel 

Manganese and nickel are austenite stabilizers, the 
principle reason for adding them to 9-12% chromium 
steels is to make sure that 100% austenite deformation 
occurs during the austenitization resulting in 100% of the 
steel becoming austenite steels when cooled. Nickel also 
raises the toughness of the ferritic/martensitic steels. 
However, nickel has been the most used to avoid δ-
ferritic, and precipitate coarsening is accelerated by 
nickel, leading to a reduction in long-term creep 
strength. Another benefit of adding nickel is that it 
promotes the formation of  M6C therefore destabilizing 
the M23C6, which stabilizes sub grain structure. 
Additionally, manganese and nickel have been observed 
to have a strong solid solution strength effect on iron. 
Manganese has same effect on carbide coarsening, but it 
is a weaker austenite stabilizer compared with nickel [7]. 

9. MICROSTRUCTURE 

The high chromium (9Cr) family steels have a ferritic 
structure. This is achieved by quenching, austenitising 
and tempering at an intermediate temperature. After the 
high chromium (9-12%cr) ferritic steel is normalized 
(usually at 1040-1100 0C) in an austenite regime, then it 
needs to be cooled to room temperature. Martensitic 
steel is transformed by a high chromium concentration 
(9-12%Cr) during air-cooling, then after a normalizing 
treatment, the steel has introduced into it, a martensitic 
lath structure with a high density of dislocations. After 
this, the steel is tempered to a low temperature. The 
martensitic lath structure becomes a sub grain structure 
during this tempering process [4]. 

Prior austenite grains are split into packets and moreover 
into blocks, which contains many elongated subgrains, 
and each has free dislocations at a high density within 
them. High chromium ferritic steels are tempered at 
lower temperatures (650-750 0C) in order that the steam 
turbine maintains a higher yield stress. This high 
chromium ferritic steel thus comprises subgrains with 
high density of free dislocations. In contrast, high 
chromium steel, for pipes and boiler tubes, is tempered 
at higher temperatures (750-780 0C) and it has a lower 
density of free dislocations. The precipitation 
distinguishes between pipe/tube and rotor steels, due to 
their various tempering temperature [19].  

High chromium ferritic steel can be linked to three types 
of precipitates, MXc carbo-nitride,  M23C6 carbide and  
Fe2M Laves phase. The MX carbo-nitrides are classified 
into NbC and VN, part of C atoms in NbC and N atoms 
in VN are substituted with N and C, respectively.  MX 
particles consist of four types, firstly, primary NbX 
particles which remain after normalizing. The second 
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type is VX wings, which are evidenced on fine NbX 
particles during creep testing. The final two are the fine 
spherical NbX, and the fine platelet VX formed during 
the tempering process. All types of MX particles 
distribute uniformly within sub-boundaries and 
subgrains, except the primary NbX type.  

Carbide  M23C6 is the most abundant precipitate in 9-
12% Cr ferritic steel. In P/T91 and P/T92 carbide  M23C6 
mostly appears as chromium rich because of the 
abundance of alloying elements within the steel matrix. 
This carbide could in theory form with its structure with 
Mo, Fe and Mo, however this is not generally observed. 
It has been found that elongation of  M23C6 particles 
occurs in the former austenite grain boundaries and 
subgrain. It has also been shown that the 9Cr-1Mo steel 
creep strength is increased by  M23C6 carbide, because 
the carbide works against martensite recovery, restricting 
the movement of subgrain boundaries under stress. 
These carbides have good thermal stability, which 
enables them to keep their deformation-resistance 
properties even when exposed to extremely high 
operating temperature.  

The Laves phase (Fe2M) involves an intermetallic 
compound: Fe2Mo and Fe2W in Mo and W containing 
steels, respectively.  After tempering, it appears that it is 
only precipitates on sub-boundaries and grain boundaries 
during creep tests [15]. 

10. EFFECTS OF ION IRRADIATION   
10.1 Irradiation creep  

Irradiation creep is governed by different mechanisms as 
compared to those involved in thermal creep. It is noted 
that irradiation creep does not strongly depend on 
temperature. Whilst radiation raises the number of 
vacancies and self-interstitial, this increase does not lead 
to an acceleration of thermal creep. Temperature is not 
the only significant factor, because vacancies and self-
interstitial formation is reliant mainly on atomic 
displacement, whereas thermal creep is more impacted 
by temperature. The irradiation creep rate at light water 
reactor cores can exceed over 10-6 s-1 because of the core 
temperature; thermal creep is negligible.  

The potential of interstitial loops nucleating on planes is 
accentuated by external stress applications. Vacancy 
loops will be more likely to nucleate on planes parallel to 
tensile stress - applied to solid material- whereas 
interstitial loops is more likely to nucleate on planes 
which are perpendicular to tensile stress. In each case, 
the preferential nucleation causes an increase in solid 
length in the direction in which stress is applied. This 
process is called the stress-induced preferential 
nucleation, SPIN radiation creep mechanism [21]. 

It is clear that creep appears in solid under- irradiation 
and stress as a result of several processes responsible for 
transferring the atoms from planes which are in parallel 
to the applied stress, across to a plane which is 

perpendicular to the applied stress. This process is 
known as stress-induced preferential absorption, 
whereby dislocations glide on planes inclined in the 
direction to which stress applied. The glide and climb 
dislocation occurs due to interstitial bias of the 
dislocation, this process being known as preferred 
absorption glide [21]. 

10.1.1 Creep curve  

Generally, creep properties are determined as described 
above in a circumstance where a constant stress or load 
is applied to a sample of metal, and the strain is 
measured as a function of time. Fig. 1 provides data 
about the variation of thermal creep with a time and 
creep curve showing the three stage of deformation; 
primary, secondary and tertiary. Firstly, the primary 
stage, which is also referred to as the transient stage, is 
the shortest lived stage, at the beginning of this stage the 
creep rate suddenly rises as a result of increasing 
dislocation density, and then the creep rate declines 
gradually, until it reaches a constant value and enters 
into the  next regime. In the secondary or steady state 
stage, creep stays constant with increasing strain and 
time. Moreover, it is longest-lived time period of the 
three regimes and is represented by diffusion creep and 
the mechanism of dislocation. Creep rate during this 
stage does not depend on strain and time, but it is reliant 
only upon stress and temperature. The final stage is the 
tertiary stage, which may also be called the rupture 
stage. This stage is represented by damaging effects, 
including cavitations, necking and voiding. Producing 
void is significant and can lead in turn to crack 
deformation. As a result strain and stress increase 
further. This event will continue sufficiently long before 
the material may finally rupture [15].  

 

Figure 1. This graph shows three steps of creep 
deformation [15] 

10.1.2 Creep properties of P91 and P92 steels  

Creep is an essential feature that must be factored into 
engineering design and applications that involve high 
temperature, namely piping within power plants, nuclear 
reactors, steam turbines and rocket engines. Creep can be 
defined as time-dependent deformation under 
continually stress or loads. Generally, creep happens at 
high temperature above about (T/Tm> 0.3) where  T/Tm  , 
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which is the melting point in Kelvin. Within this 
temperature range, atoms of materials gain enough 
mobility to develop a time-dependent change of the 
structure. 

Creep properties are measured by constant stress creep 
testing and stress rupture testing. These can be achieved 
by applying a known formula to a sample of metal held 
at a fixed temperature. This type of test is simply 
continued until the sample fails. The stress rupture test 
can be defined as measuring strain failure (εf) and time 
fracture (Tf) at a fixed temperature and stress. These 
values are integral to the the creep test, along with a full 
creep strain time behaviour. The creep test requires 
expensive laboratory space, and is highly time 
consuming, taking up to about 30,000 hours. It provides 
vital information about creep fracture features of a 
particular metal and its creep behavior. For long-term 
predictions of creep life, an extrapolation theory is used 
[15]. It is important to understand creep properties in 
order to narrow down the selection of ferritic steels 
particularly P/T 91, 91 steel, in a fast reactor 
environment [4]. 

10.2 Void swelling 

The high dose rate, typically high-energy neutron 
radiation, affects materials in fusion reactor or fast 
reactor, when vacancies and interstitial are produced 
because of the displacement of atoms from their matrix 
position by the radiation [7]. The improved conversion 
of microstructures, with temperature and dose rate, 
involves the agglomeration of interstitial and vacancies 
into dislocation loop and voids which causes swelling. 
Loop number density reduce and loop size also rise with 
increasing temperature and finally become unstable, 
Generally void swelling happens at a radiation dose 
above 10 dpa, and with a temperature range of 0.3-0.6 
Tm where  Tm  is the melting point of materials.  
Moreover, it have been identified that void swelling 
relies on matrix structure lattice, in which the dose rate 
can produce excess defects. For ferritic/martensitic 
steels, at temperature about 5000C, an agglomeration of 
vacancies can lead to void swelling [6]. 

Ferritic steels became of interest to physicists in relation 
to fusion and fast reactors because extensive studies 
found that the ferritic steels have high void swelling 
resistance compared to austenitic stainless steels 
[22].Furthermore, it has been observed that 9Cr-1Mo 
steels have low swelling rates, even in events of high 
radiation, about 200dpa. For this reason, the ferritic 
steels have been chosen for clad and wrapper application 
within nuclear reactors, whereas for austenitic steels, the 
radiation threshold is nearer to 80 dpa [6]. Void swelling 
can be measured by determining the volume conversion 
of material before radiation and after radiation. From 
this, the rate of conversion in the volume of material can 
be identified. Moreover, the radiation-induced 
transformation of void is observable using a transmission 
electron microscope (TEM).  

10.3 Irradiation embrittlement  

Radiation embrittlement occurs during irradiation due to 
increasing the ductile to brittle transition temperature 
(DBTT). It has been observed that irradiation hardening 
causes the DBTT temperature to increase thus producing 
embrittlement.  

With ferritic/martensitic steels, body centered materials, 
a large increase in DBTT temperature can occur at low 
temperature (<0.3 Tm) and low dose rate about 1dpa 
(displacement per atom) because of radiation hardening. 
It has been noted that a minimum working temperature 
to prevent embrittlement in ferritic-martensitic steels is 
473-523 K. That said, the upper limit temperature can be 
controlled by four deferent mechanisms; void swelling, 
thermal creep, high temperature helium embrittlement 
and compatibility. Void swelling and thermal creep have 
been discussed above; high temperature helium 
embrittlement will be discussed in 10.4. 

Fig. 2 provides information about the evaluation of 
ferritic steels’ embrittlement behaviour, relating to 
different chemical compositions. It indicates that the 
shift in DBTT caused by irradiation varies, under 
radiation the focus on concentration on chemistry is 
around 9% Chromium is clearly based on a minimum 
observation shift in DBTT, almost around this chemical 
composition. Although, corrosion-resistant steels can be 
improved by increasing chromium and it encourages 
reprocessing, however the rate of chromium contents 
need to be chosen with a careful balancing these 
requirements. It has been found that addition chemical 
compositions such as copper, vanadium, silicon, 
aluminum, phosphorous would rise the DBT 
temperature; by contrast, sulphur decreases the upper 
shelf energy.  

 

Figure 2. Shows radiation-induced DBTT shift as a 
function of chromium content [7] 

It is shown from Fig. 2, that the 9Cr-1Mo steels has a 
lower shift (nearly 54 K) in DBT temperature as 
compared to the 12Cr steels (125K). 
Hence, the swelling resistance is almost nil for 12Cr 
steels, and 9Cr steel is less prone to embrittlement in 
comparison to 12Cr steels [4]. 

It has been observed that irradiation hardening saturates 
at around 10 dpa, and it has been seen that the shift in 
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DBTT because of irradiation saturates at around 10 dpa. 
In Fig. 3, by conducting Charpy tests, it can be seen that 
the shift of DBTT at 10 dpa is equivalent to the DBTT 
shift at 17dpa.  It is also important to note that irradiation 
temperature and the extent of shift inverse to each other 
[7, 23]. 

 

Figure 3. Charpy curves for Sandvik HT9 steels before and 
after irradiation to 10 and 17 dpa at 365 c in FFTF [4] 

10.4 Helium Embrittlement  

Helium embrittlement occurs after nickel undergoes an 
(n, alpha) reaction at an elevated temperature (close to or 
above 0.5Tm), and when enough levels of helium are 
generated by mechanical stress as applicable during 
irradiation and other nuclear reactions. The 
transformation of grain boundary bubbles to voids 
induces intergranular fracture, which in turn leads to 
breakaway cavity coalescence, rupture and growth in the 
presence of mechanical stress. During high temperature 
irradiation, the migration of helium is induced to the 
grain boundaries by the application of tensile stress, and 
large cavities may be formed. It has been observed that 
when the applying stresses are absence, the helium 
bubbles are divided throughout the metal [24]. 

The observed tensile ductility, due to helium 
embrittlement, reduces with decreasing stress and 
reducing strain rate, which indicates its crucial exposure 
time at elevated temperature. It has been found that 
ferritic-martensitic steels demonstrate better resistance to 
grain boundary helium cavity growth and formation in 
comparison with austenitic stainless steels. This is 
because of several factors, firstly, ferritic steels have 
lower matrix strength compared to austenitic steels, and 
another factor is that helium bubbles’ conversion to 
voids has a potentially larger critical radius within 
ferritic steels. Finally, there is an impact from the 
efficient trapping of helium inside the ferritic steels grain 
interior, by precipitates and other properties [24]. 

There is a large volume of published studies discussing 
the importance of the helium effect for some systems, for 
example, fusion reactors that produce high-energy 
neutrons. The 14 MeV neutrons are produced by D-T 
fusion, and these neutrons will generate an (n, alpha) 
reaction in nearly all common structural elements 

namely ferritic steels, but, in the absence of nickel, 
helium production rates are lower. In the martensitic 
steels, a number of techniques have been used to produce 
helium in fusion reactors; one of the most significant 
ways is doping with natural nickel for 9Cr and 12Cr 
steels, and another way is the use of isotopically-
separated nickel to discriminate against the nickel effect 
as opposed to the helium effect. For example Ni59  has 
been used to generate helium, whereas, Ni60 has been 
used for control.  

The 9-12 Chromium steels have nickel as one of its 
chemical composition. The helium generated enhances 
the growth rate of voids and promotes grain boundary 
crack growth, leading to embrittlement. This 
phenomenon is significant in fusion reactors. Although 
in fact this type of embrittlement is of little concern in 
light water reactors and fast reactors, including the 
Generation IV designs [25].  

10.5 Irradiation hardening  

The phenomenon, Irradiation hardening happens because 
an increase in the yield strength of a material which 
leads to a decrease in ductility. The effect of radiation 
depends on temperature and usually occurs at radiation 
temperature (Tirr < 0.3 Tm) where Tm is the melting point 
for materials. Irradiation hardening can be observed over 
a minimum radiation of 0.1 dpa [4]. 

A metal irradiation causes strengthening. During 
irradiation, the number density of defects such as voids 
precipitates and loops, rises drastically. Therefore the 
mobile dislocations move in two ways: source hardening 
and friction hardening. Firstly, source hardening can be 
defined as the increase in stress required to bring 
dislocation moving on its glide plane. The required stress 
that must be applied to launch a dislocation into its slip 
plan is known as unlock stress or unpinning stress. 
Secondly, friction hardening refers to obstacles that 
generate resistance from mobiles to motion. It is 
essential to recognise that true distinction between 
friction and source hardening is unclear, because all the 
characteristics of deformation are produced by lattice 
hardening, and they have been distributed to source 
hardening. The source length that produces critical shear 
stress, is greater than the distance between defect 
clusters. It leads to a loss of distinctions, and therefore, 
the source cannot be operated without interference from 
the lattice clusters [21]. 

It has been observed that there is a strong link between 
the extent of irradiation hardening and irradiation 
temperature as shown in Fig. 4. The figure also shows 
yield strength as a function of radiation against 
temperature. It can be seen from the graph [26], that 
yield strength dips to the lower spectrum at high 
irradiation temperatures, whereas it reaches a high point 
at lower irradiation temperatures. The temperature 
reliance of irradiation temperature exists because 
temperature dictates the nature of the defects produced 
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by radiation, which in turn directs the extent of 
hardening. Irradiation hardening has been observed to 
saturate at 10 dpa. 

 

Figure 4. Yield strength of 20% cold-worked type 316 
stainless steel irradiated in the EBR-ІІ [25] 

The radiation effect on the tensile behaviour of the 9-
12% Cr ferritic/martensitic steels, namely T/P91 and 
T/P92 steels, is dependent upon temperature. Irradiation 
hardening occurs at exposure temperatures above, up to 
425-450 C. This is because the high density of tangles 
and dislocation loops which form from displacement 
damage, throughout with irradiation- induced 
precipitates change under these conditions [7]. Therefore 
ductility decreases and yield strength increases. It has 
been found that the amount of hardening does not 
change when T/P91 and T/P92 steels are irradiated at 
390C to about 23 dpa. It is observed that hardening 
varies according to how far there is saturated rising 
fluence; hardening saturation occurs at about 4000 C to 
10 dpa, whereas for lower temperature greater fluence 
are required. However, properties are not generally 
altered by irradiation temperatures up to 425-450 
compared to thermally aged and unirradiated samples, 
although such temperature may create a softening, 
depending on fluence. Since irradiation hardening leads 
to a decrease ductility, this can therefore be translated as 
causing an increase embrittlement [3]. 

11. CONCLUSION  

This review article has looked at the context and 
background to mechanics and properties of ferritic-
martensitic steels, and to highlight the development of 
ferritic- martensitic steels for nuclear reactors. After that, 
the focus was the effects of radiation on mechanical 
properties. 

This review article will be important for future work 
around energy and ion irradiation. It would be important 
to test at higher levels – or lower levels- energy, to 
explore additional effects of high and low irradiation on 
P91 and P92 steel. Also, it may important to perform a 
creep test for P91 and P92 during irradiation at different 
temperatures, and at different radiation energy levels.  
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Abstract: The paper is an attempt to present and evaluate of the some monolithic refractory materials, originating from our 
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1. INTRODUCTION 
 
The refractory products used  as a hot face lining in the 
induction furnaces for cast iron,   steel or non-ferrous 
metals melting, holding or pouring are,  most of them,  
unshaped products. Their nature is diverse, depending on 
the treated alloy composition: quartz-like, silico-
aluminous, high-aluminous, spinellic, magnesitic etc. [1-
4]. For better fitting to the purpose they are meant for the 
linings should have some well defined properties; 
thermal shock resistance,   compactness resistance at 
melt metal and  slag attack, strength, low thermal 
conductibility, refractoriness etc. The present paper 
intends to describe some products obtained as a result of 
the research works in the above described realm (Table 
1). 
 
 

2. EXPERIMENTAL PROCEDURE 
 
The masses shown are compositions based on corundum 
or tabular alumina, fused and/or sintered magnesite and 
spinel (Table 2). It may be seen that both spinel and 
alumina are characterized by a set of superior properties. 
Magnesite is also of a high interest from this point of 
view if we don't take into account its thermal expansion 
coefficient, since it is characterized by high 
refractoriness and allows desulphurization during the 
very making process. 
 

When preparing the lining materials either chemical-
ceramical or chemical-hydraulic binders or ceramic 
hardening agents were used, correlated sometimes with 
organic substances. There are also shown some data 
concerning compressive strength (Sc), porosity (P) and 
apparent density. 

 

Table 1. Special Monolithic Refractories and their Properties 

Product 
name 

Grain 
size 

[mm] 
Type set 

Oxide 
composition 

Refractority, 
[0C] 

Application Utilization 

MI90A 0-5 
Chemical 
ceramic 

90% Al2O3 
6% SiO2 
2% P2O5 

1880 
Wet 

ramming 

Channel induction furnaces for cast iron 
holding: vessel area in contact with melt 

iron 

MI85B 0-6 
Chemical 
ceramic 

85% Al2O3 
9% SiO2 

1.5 % P2O5 
1850 

Wet 
ramming 

Channel induction furnaces for cast iron 
holding: vessel area above slag line 

MI90C 0-3 
Chemical 
ceramic 

90% Al2O3 
6% SiO2 

1.5% P2O5 
1880 

Wet 
ramming 

Induction furnace for aluminium melting 

MM95 0-5 
Chemical 
ceramic 

95%MgO 
1.5% SiO2 
2.3% Cr2O3 

> 1880 
Wet 

ramming 
Induction furnace for air steel melting 

BI97 0-6 
Air set 

chemical 
hydraulic 

96.5%Al2O3 
1.1% CaO 

2.2% Cr2O3 
> 1880 

Casting 
vibration 

Channel induction furnaces for cast iron 
holding or pouring: inductior and vessel – 

Cu and Cu alloys induction furnace 

MSU70 0-5 
Heat set 
ceramic 

67-70% MgO 
26-30% Al2O3 

> 1880 
Dry 

ramming 
Air or vacuum coreless induction furnaces 

for carbon and alloy steel 
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MSU24 0-5 
Heat set 
ceramic 

24% MgO 
73% Al2O3 

> 1880 
Dry 

ramming 
Air or vacuum coreless induction furnaces 

for carbon and alloy steel 
 

Table 2. The Properties of Raw Materials 

Raw material 
Melting 

temperature [0C] 

Thermal expansion 
coefficient at 20-10000C 

x 10-6 [cm/cmꞏ0C] 

Thermal conductibility at  
1000°C, [kcal/mh0C ] 

Desulphurizaton 

Alumina 
Al2O3 

2020 8.8 1.8 no 

Magnesite MgO 2800 14.0 3.0 yes 

Spinel 
MgOꞏAl2O3 

2110 7.6 1.7 yes 

 
 
3. RESULTS AND DISCUSSIONS 
 
The use of some chemical binders allows the 
achievement of some compact and high resistance 
structures as a result of the chemical reactions acid-
oxide type between binder and aggregate with the for-
mation of new compounds (for example, aluminium 
hydrophosphates in gel condition or with crystalline 
and polycondensate structures in case of MI90A, 
MI85B and MI90C masses or hydrated magnesium 
chromates for MM95 mass with chromic anhydride) 
which binders the system in a monolithic whole. These 
compounds undergo some transformations under heat 
treatment conditions: aluminium hydrophosphates  

 
dehydration, and variscite (Al(PO4)ꞏ2H2O)   formation 
processes followed  by berlinite (AlPO4) formation and 
of hydrated magnesium  chromate (MgOꞏCr2O3)  for-
mation processes [5]. MgOꞏCr2O3 is a product 
characterized by a good resistance to metallic melts 
and slag attack.  Other phenomena may 
also take place, for example oxygen release from the 
binder matrix of magnesitic mass:   2CrO3 → Cr2O3 
+3/2O2    [5]. These processes lead to textural-
structural modifications which, correlated with ceramic 
bindering influence, explain mechano-structural 
properties variation noticed at the above mentioned 
products heating (Table 3). 

  
Table 3. The some important Properties of Refractory Materialsx) 

 

 

x) Sc = Compressive Strength, P = Porosity 
 
The use of chromic anhidride leads - under the  
conditions of a relatively low aluminous cement  content 
to obtaining some superaluminous products, type BI97, 
very refractory, having a good  compactness and high 
mechanical strength (Table 3)  as a result of binder 
influence on structure porosity (Fig.1), of modifications 
implied in the hardening process development, in the 
morphology of cement hydration neoformations and of 
the interaction products resulting from its activity as a 
chemical binder [6 - 21]. The well-known resistance loss 
within the critical temperature range of refractory 
concretes which, in case of those with an ordinary 

cement dosage, may reach to half of the initial value, is 
much diminished in case of BI97 concrete, under the 
conditions of keeping a rather low porosity value. The 
initial mecano-structural characteristics as well as those 
within the high heat treatment temperature range for 
HI97 concrete are quite good. 
 
The presence of special sintering agents and of 
unavoidable impurities, correlated, sometimes, with 
magnesitic spinel formation leads, at dry MSU70 and 
MSU24 masses sintering, to a rather thin hard layer 
formation (Table 4) when getting into contact with the 

Product 
name 

Temperature, 
[0C] 

110 400 600 800 1000 1200 1400 1500 1750 

Sc, [daN/cm2] 360 470 420 408 440 450 490 500 - 
MI90A 

P, [%] 17 18 19 20 21 21 20 20 - 

Sc, [daN/cm2] 342 455 388 396 406 430 470 486 - 
MI85B 

P,[%] 18 19 21 20 22 23 22 22 - 
Sc, [daN/cm2] 300 420 360 340 355 360 400 450 - 

MI90C 
P, [%] 18 19 20 20 21 21 23 23 - 

Sc, [daN/cm2] 410 332 245 205 188 165 180 200 350 
MM95 

P, [%] 16 18 20 21 21 21 21 20 19 
Sc, [daN/cm2] 330 324 320 270 270 300 430 540 650 

BI97 
P, [%] 15 16 17 18 18 18 20 21 22 
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metal bath. The material will remain in a powder 
condition near the hardened layer. The sintered layer seal 
the crucible and will undertake the mechanical stress 
which this is subject to, while the nonsintered on will 
solidify the metallic infiltrations which might take place 
through the hardened layer at the lining repeated cooling 
and heating, as well as in undertaking the volume 
fluctuations appearing in the lining during the equipment 

operation.  

The formation of the sintered stratum is the result of a 
ceramic type hardening taking place during the first heat 
melting at the highest temperature. During furnace 
functioning sintering propagates from the hot face to the 
coil, that is why it is very important to demolish lining 
before the powder layer will sinter completely.

 
 

 
Figure 1. Distributive porosity ( __ integral curves, _ _  differential curves)  

of refractory concretes hardened for 3 days:  
1 concrete with chromitic binder, 2 concrete without chromitic binder 

Table 4. Properties of Dry Refractory Masses with Ceramic Hardening 
 

Mase type 
Impurities, [%] 

SiO2  CaO   Fe2O3 

Temperature at wich 
ceramic binding begins 

[0C] 

Apparent density at 
14000C [g/cm3] 

Apparent porosity at 
14000C [%] 

MSU70 1.2   1.5     0.9 1200 2.86 19 
MSU24 1.1     0.7    0.45 1000 2.94 20 

 
4. PRACTICAL APPLICATIONS 
 
The refractory products described above have been used 
in channel and coreless induction furnaces with various 
capacities and building patterns. Masses MI90A and 
MI85B are used at lining the iron channel furnace 
vessels type Independenta Sibiu of low and medium 
capacity, type Otto Yunkers of 9 t, type ASEA of 7 and 
21  t and type Brown - Bovery of 55 t whore the lining 
life may reach 2.5 years.  
 

MI90C sortiment is used for lining aluminum melting 
induction furnaces with capacities reaching 3 t. BI97 
concrete is successfully used at lining some channel 
furnace components which, because of their more  
complicated shape, cannot  be lined  by ramming. It is 
used for inductors of all capacities of Independent Sibiu 
furnaces, ASEA furnaces of  5, 7 and 15 t and Elin 
Union  furnaces of 7 t, when  the medium life is of 7  
months  reaching sometimes to 1.5 years. BI97 is also 
used for lining the vessels of Independenta Sibiu of high 
capacity, Elin of 7 t and ASEA of 5 t and we obtained 
lifes of 1-1.2 years.  
 

Very good results were obtained using BI97 concrete as 
a wear layer at the induction furnaces for Cu and Cu-

alloys melting or holding. Magnesitic mass MM95 was 
used with good results for lining coreless induction 
furnaces for carbon steel with capacities up to 1t.  
 

The refractory linings for vacuum induction furnaces are 
subject to very severe functioning conditions imposed 
both by the necessity of obtaining very homogeneous 
high purity compositions and by the equipment 
functioning safety requirements. The use of MSU24 
mass at lining such installations, for making highly-
alloyed steels at 16500C, lead to obtaining a very good 
durability. Good results were also obtained with MSU70 
mass, but this one is currently used at lining furnaces for 
air steel melting. These are also the results of a good 
behavior at melting attacks as can be seen from the 
comparative analyses with traditional products used to 
this purpose - Table 5. 
 

Irrespective of the lining nature, it could be seen that 
furnaces functioning in the cleanest possible conditions 
(slag should be removed and unnecessary over-heatings 
should be avoided) lead to the increase of their 
functioning life. 
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Table 5. Comparative values of the wetting point for two refractory masses used for the same purpose 
 

Product Wetting point in case of a refractory steel 
at 15500C 

Wetting point in case of a stainless steel at 
16000C 

MSU70 1300-1400 1330-1360 
Sofrem AM/BS (France) 1160-1480 1230-1390 

 
 
5. CONCLUSIONS 
 
From what we have already shown the following 
conclusions may be drawn: 
 

1. There is a wide range of refractory products made for 
induction furnaces lining (ramming, castable or dry 
masses) with various compositions: high-aluminous,  
magnesitic, magnesio-spinellic or alumino-spinellic.  
2. The use of various binding system: chemical-ceramic, 
chemical-hydraulic and ceramic. 
5. The products described are used with good results, 
according to their nature, at coreless and channel 
induction furnaces for carbon steel and high alloy steels, 
for cast iron or non-ferrous metals. 
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Abstract: When the dynamic study of a solid rigid body subjected to links is wanted to be performed, the main difficulty is that the 
differential equations of motion contain in their structure the constraint forces which are unknown. Therefore it is necessary to 
remove them from the differential equations that describe the motion of the rigid body. The case of a wheel climbing on an inclined 
plane has been presented in this paper. It is considered that the wheel is rolling without sliding on an inclined plane. 

Keywords: numerical modeling, dynamics, drawn wheel, rolling, sliding 

NOMENCLATURE 

F -active force acting upon the wheel 

rF -viscous damping force 

rM -viscous damping couple 

fM -torque of the rolling friction 

s -rolling friction coefficient 

T -sliding friction force 

N -normal reaction force 

G -force of gravity 

 -inclination angle of the plane 

R -radius of the wheel 

1C -mass center of the wheel 

1m -mass of the wheel 

1zJ -inertia axial moment relative to O1z1 axis 

11xOv -velocity of the O1 point projection on the O1x1 

axis 

11 yOv -velocity of the O1 point projection on the O1y1 

axis 

1z -angular velocity of the wheel projection on the O1z1 

axis 

 11111 zyxOT -body fixed reference frame

 OxyzT -fixed reference frame 

111111 ,, zOyOxO -axis of the body fixed reference frame 

OzOyOx ,, -axis of the fixed reference frame 

1 -self-rotation angle of the wheel 

tc -viscous damping coefficient corresponding to the 

translational movement 

rc -viscous damping coefficient corresponding to the 

movement of rotation 

k -unit vector of the Oz axis 

sgn -sign function 

T -denotes the transposition matrix operation 

1. INTRODUCTION

We will consider a wheel supported on an inclined plane 
and acted upon by a system of forces and couples as it is 
shown in the figure below (Fig.1). We aim to perform 
the dynamic survey of this wheel namely its motion 
under the action of the given system of forces. 
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Figure 1. Drawn wheel 

2. EQUATIONS OF MOTION ESTABLISHING 

 

The differential equations of motion of the drawn wheel 
may be written in projections on the axis of the body 
fixed reference frame in the following matrix form      
[1-17]: 

  

 crag11
QQQQvM  O  (1) 

 111 vRx   (2) 

  T
1 11111 zyOxO vv  v  (3) 

  T
1 11111 zyOxO vv v  (4) 

  T
11 11

  OO yxx  (5) 

 


















1

1

00

00

00

1

1

z

O

J

m

m

M  (6) 

 

The action of active forces on a solid rigid body can be 
completely characterized by its torque. In the case under 
consideration the torque of active forces relative to the 
point 1O , in projections on the axis of the body fixed 

reference frame  11111 zyxOT  may be written as follows: 

 

 0
1 a
T

a QRQ   (7) 

 

In the relationship (7) the quantities involved have the 
following expressions: 

  

 

   
   




















100

0cossin

0sincos

11

11

1R  (8) 

    T
11

0 0cossin  gmFgmaQ (9) 

 

The torque of the resistant forces relative to the point 1O , 

in projections on the axis of the body fixed reference 
frame  11111 zyxOT  may be written as follows: 

 

 111 vRCRQ  T
r  (10) 

 

In the relation (10) the matrix C has the following 
expression: 

  

 


















r

t

t

c

c

c

00

00

00

C  (11) 

 

In the relationship (10) the following notation will be 
introduced: 

 

 11
~

RCRC  T  (12) 
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We will replace the relationship (12) into relationship 
(10) and the following result will be obtained: 

  

 1
~

vCQ r  (13) 

 

The torque of the constraint forces relative to the 
point 1O , in projections on the axis of the body fixed 

reference frame  11111 zyxOT , taking into account the 

moment of rolling friction fM , may be written as 

follows: 

 

 λLRQ  fc
T
1  (14) 

 

In the relation (14) the quantities involved have the 
followings expressions: 

 

  
T

1
sgn10

01











z

f s

R
L  (15) 

  TNTλ  (16) 

 

The torque of gyroscopic forces relative to the 1O point, 

in projections on the axis of the body fixed reference 
frame  11111 zyxOT  may be written as follows: 

 

 11 1

~ vMωQ  Og  (17) 

 

In the relation (17), the quantities involved have the 
following expressions: 

 

 





















000

00

00
~

1

1

1 z

z

ω  (18) 

 

The expressions of the quantities 
1OM and 1v are given 

by the relation (4) and (6) respectively. 

 

3. EQUATIONS OF KINEMATIC CONSTRAINT 

 

Between kinematical parameters of the solid rigid body 
in discussion the following relationships may be written: 

  

 011 11
 dtdRdtdxRx OO   (19) 

 0
11

 dtdyy OO  (20) 

 

Relations (19) and (20) may be written together using 
matrix formulation as follows: 

 

   T00
12

10 


 0xL   (21) 

 

In the relation (21) the matrix 1x is given by the relation 

(5) and the matrix 0L is given by the following relation: 

 

 
T

R








 010

01
0L  (22) 

 

Taking into account the relation (2), the relation (21) will 
be written as follows: 

 

   T00
12

110 


 0vRL  (23) 

 

In the relation (23) the following notation will be 
introduced: 

 

 10 RLL    (24) 

 

Taking into account the notation introduced by the 
relation (24), the relation (23) becomes: 

  

   T00
12

1 


 0vL  (25) 

 

If we derive the relation (25) with respect to time, we 
will obtain: 

 

   T00
12

11 


 0vLvL   (26) 

 

In the relation (26) the expression of the matrix L is 

given by the following relation: 
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 11010
~ωRLRLL  

  (27) 

 

In the relation (27) the expression of the matrix 1
~ω is 

given by the relationship (18). Using the relation (27) the 
relation (26) becomes: 

 

   T00~

12
11101 


 0vωRLvL   (28) 

 

By replacing the relationship (24) into the relationship 
(28), it becomes: 

 

   T00~

12
111 


 0vωLvL   (29) 

 

The relation (29) may be written under the following 
equivalent form: 

 

 111
~ vωLvL     (30) 

 

In the next chapter we will present a method of 
elimination of the constraint forces from the differential 
equations of motion. 

 

4. ELIMINATION OF THE CONSTRAINT 

FORCES FROM THE DIFFERENTIAL 

EQUATIONS OF MOTION 

 

Constraint forces are unknown and therefore they must 
be removed from the differential equations of motion. In 
this section is described a method of elimination of the 
constrained forces from the differential equations 
describing the motion of the motor wheel. The 
differential equations of motion (1) may be written in the 
following equivalent form: 

 

 λLQvM  fO 11
  (31) 

 

In the relation (31) the quantities involved have the 
following expressions: 

  

 rag QQQQ   (32) 

 01 f
T

f   LRL  (33) 

We will multiply the differential equation to the left by 
1
1


OM and we will obtain: 

 

 λLMQMv  


fOO
11

1
11

  (34) 

 

We will multiply the differential equation to the left by 

L and we will obtain: 

 

 λLMLQMLvL  





 fOO
11

1
11

  (35) 

 

Taking into account the relation (29) the relation (35) 
becomes: 

 

 λLMLQMLvL  





 fOO
11

11
11

~ (36) 

 

In the relation (36) the following notations will be 
introduced: 

 

 AvωL  11
~  (37) 

 BQML  


1
1O  (38) 

 DLML  


 fO
1
1

 (39) 

 

Using the notations given by the relations (37-39), the 
relation (36) may be written as follows: 

 

 λDBA   (40) 

 

The constraint forces may be determined from relation 
(40) as follows: 

 

  BADλ  1  (41) 

 

Finally we will obtain a system of six differential 
equations with six unknowns which may be written as 
follows: 

 

 λLQvM  λf11
O  (42) 
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 111 vRx   (43) 

 

The differential equations system given by the relations 
(42) and (43) will be solved using numerical integration 
methods. 

 

5. NUMERICAL APLICATION 

 

Using MATHLAB software a computing program 
solving the differential equations system was designed. 
In order to run the computing program the following 
input data are necessary: 

 

  kgm 11   (44) 

  21
1

mkgJ z   (45) 

  meterR 1  (46) 

  .sec1 kgct   (47) 

  .sec1 mkgcr   (48) 

  2sec10 mg   (49) 

  NF 15  (50) 

  radians6  (51) 

  meterss 5.0  (52) 

 

The following initial conditions are also necessary: 

  

  .sec00
11

metersv xO   (53) 

  .sec00
11

metersv yO   (54) 

  .sec00
1

radiansz   (55) 

 

The initial values of coordinates 
1Ox and

1Oy of the 

origin O1 relative to the fixed reference frame  zyxOT  

are the followings: 

 

  metersxO 00
1
  (56) 

  metersyO 00
1
  (57) 

  radians00
1   (58) 

 

The dynamic study was performed during a period of ten 
seconds. The results are presented in the figures below 
(Fig.2-Fig.5). The dynamics of the wheel was performed 
taking into account two distinct cases. In the first case 
the rolling friction was taken under consideration by its 

effect, namely, the rolling friction moment fM .In the 

second case the rolling friction moment was ignored. 
Both results are presented in the above mentioned 
figures (Fig.2-Fig.5). 

 

 

Figure 2. Variation of the 
11xOv velocity with respect to time 
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Figure 3. Variation of the 
11 yOv velocity with respect to time 

 

 

Figure 4. Variation of the 
1z angular velocity with respect to time 

 

 

Figure 5. Variation of the 
1Ox abscissa with respect of the product 1R
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6. CONCLUSIONS 

 

The paper presents the dynamic study of a wheel acted 
by a horizontal force parallel with a titled plane. The 
differential equations describing the movement of the 
wheel were written in matrix form in projections on the 
axes of the mobile reference system, namely the 
reference system moving together with the rigid solid 
body. This reference frame is considered to be to the 
rigid solid body. The problem of the dynamics of the 
drawn wheel was approached in an original manner. The 
drawn wheel was regarded as a rigid solid body subject 
to constraints. Therefore, the motion equations was 
written as an algebraic sum between three torques, 
namely the torque of the inertial forces, the torque of the 
active forces and the torque of the link forces.  

The mathematical expression of every torque was put 
into evidence explicitly. 

The paper also presents an original method of removing 
the link forces from the differential equations of motion. 
Using this method, the determination of the orthogonal 
complement [6, 7] or the natural orthogonal complement 
[4] is no longer necessary.  

The paper also presents a method of deducting the 
mathematical relationships between kinematical 
parameters of the rigid solid body whose dynamics is 
studied in the paper.  

The dynamic study presented in the paper can be 
continued with the determining of the variation with 
respect to time of the link forces. 
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Abstract: A microfluidic device designated for measurement of fluidic flows with different viscosity, necessary within 
trapping/realising of cells/particles system has been developed. We use a  new concept as Microfluidic  Pulse Width Modulation 
(MPWM) for controlling transport of a single cell/particle. The image processing helped the nano-hydraulic volumes/flow rates 
measurement, through tracking inovative methods with the purpose to build a  flow sensor.  The device open an unique opportunitie 
for single cell study with applications in biomedical devices, tools for biochemistry or analytical systems. 

Keywords: Single-cell/particle manipulation, Microfluidic device, MPWM, Sensor, Video-measurement of volumes rate 

 

1. INTRODUCTION  
 

Microfluidics is increasingly being used in many areas of 
biotechnology and chemistry [1-5] to achieve reduced 
consumption of reagents /analytes, improved 
performance, low costs of fabrications and decrease time 
of analyses, and also, among other advantages,  to obtain 
miniaturization and integration of fluidic components, 
developed as well known concept of „lab on a chip” [3, 
4, 5].  

The device design and selection of materials are 
important  steps for fabrication of microfluidic device for 
biomedical, chemistry or biochemisry  applications [1-3, 
5-11].  

The elastomeric materials PDMS is the most widely used 
material in microfluidic device fabrication due to its 
many advantages in fabrication:  

(i)  facile and cost-effective production of it at 
microscale by rapid prototyping [12] and replica 
molding [5-8 in comparison with etching in glass and 
silicon [4, 7].  

(ii) is inexpensive, 

(iii) has  high fidelity at micrometric scale and  

(iv) is  optical transparent. 

For controlling transport of fluids or particles/cells 
through microfluidic channels some researches [13, 14] 
used “A microfluidic diluter based on pulse width flow 
modulation [13] or Pulse Width Modulation of Liquid 
Flows,  introducing the concept "Pulse-Width-
Modulation" (PWM) with a dynamic duty cycle over 
time for liquid flows [14]. 

 
2. MATERIALS AND  DEVICE DESIGN 
 
2.1 Materials 
 
We used PDMS as material for microfluidic device, 
commercial name for this product is Sylgard184, 
produced by DOW CORNING Company (USA).  
 
The device consisted of three layers: One of them is the 
PDMS layer that was fabricated using two ways: (i) laser 
ablation; (ii) rapid prototyping, and the other two layers 
were two transparency plexiglass supports. 
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2.2. Device design 
 
For the device design we took in consideration the 
following factors:  
(i). Field Of View (FOV) -4x, respectively 10x (see Fig. 
1); 

           
Figure 1. Device design - Schematic representations of 

microfluidic channels with Field of View (FOV) 
 
(ii) Nomber of measurement points - ~ 40 points;  
(iii) Minimum estimated volume of MPWM – 10 nl. 
 
The basic concept for obtaining two channels in the 
same FOV was the needing to prove the positioning 
accuracy of MPWM for a certain route, in that case one 
microfluidic loop (see Fig. 2). 

        

Figure 2. MPWM for microfluidic positioning 
 
The resulted cross sectional area of microfluidic 
channels was 0.25 mm2, with dimensional size 0.5 mm x 
0.5 mm and the total channel length is 250 mm. The 
CAD model is shown in Fig.3a and the replica molding 
is presented in Fig.3b.  

3. THE BASIC CONCEPT OF SINGLE CELL 
MANIPULATION USING THE MICROFLUIDIC 
DEVICE  
 

The picked cell (by aspiration) is led using the 
microfluidic route to the separation zone for observation 
and extraction. 

           
Figure 3a. The CAD model of the microfluidic device 

 

 
 

Figure 3b. The replica molding of the microfluidic device 
 

In Fig. 4 can be observed the whole microfluidic 
manipulation system: (a) The extractor generates 
microfluidc power; (b) The route allows  the 
transportation of cell to the separation zone; (c) The 
picking  function is obtained using a specific tube 
terminal adapted for cell's size.  

To avoid the introduction of hydraulic resistance in 
route, we use the technical solution presented in Fig. 5.
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Figure 4. Schematic representation of the whole microfluidic manipulation system 

 

Figure 5. Details of the trapping room of microfluidic manipulation system (schematic representation) 

 

It consists of a special selection valve between two ways 
of advancing with different sections: the large one allows 
unobstructed advancing of fluid, and the small one is 
adapted to the cell size and permits the trapping of it.  

 
4. VOLUMES/FLOW RATES MEASUREMENTS 
USING IMAGE PROCESSING 
 
A microscope (AmScope type, United Scope USA) (see 
fig. 6) equipped with a high speed camera (Raspberry PI) 
was used to record the experimental events:  
(i) volume rate measurement;  
(ii) flow rate measurements.  
 

 
Figure 6. The microscope (AmScope type) equipped with a 
high speed camera (Raspberry PI) used for measurements 
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In Fig.7 it’s presented the MWPM principle. We 
deduced the formula of flow rate: Q=V_total/T_total [1]. 
For volume rate, an essential parameter is the measured 
displacements of liquid front (see Fig.8).  
 
We used equal values for ton.MPWM, in consequence we 
obtained the same volumes rates, respectively vol in 
Fig.7. The V_total is a multiplier of vol.  
 

The key of MPWM is the correspondence between ton 
and vol.  The channel used for measurements was a glass 
capillary with interior diameter of 0.42 mm.  
 
The calculus formula for vol, in this particularly case, is: 
Y=X x 0.13854. X is the displacement of front [m], 
0.13854 represents the cross sectional area of capillary 
and Y is resulted vol. 
 
 

 
 

Figure 7. The MPWM basic principle 

 

  
 

Figure 8. The measured displacements of liquid front (image capture of microscope camera) 
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5. RESULTS 
 
The Microfluidic  Pulse Width Modulation MPWM 
parameters for experimental test are presented in Table1.  
 

Table 1. The MPWM parameters for experimental test 

 
 
We used a normal frequency (246 Hz) and a fill factor of 
25%. In the same table (Table 1) is presented a series of 
measurements for volume rates.  
 

The average value for 20 points of measurements is 
10.63 nl. We generated in automative mode this MPWM 
signal and resulted flow rate was 10.63/4.065 = 2615 
[nl/s]. 
 
 

6. CONCLUSIONS 
 
We verified experimentally the MPWM concept. In this 
way we open the research study of microfluidic transport 
of soft objects (eg cells). In this paper, we measured 
using image processing the nano-hydraulic volumes/flow 
rates. By automating calculation of  "volume / time” 
ratio, it will result a transducer flow [15].  
 

The central element of this transducer will be the 
designed microfluidic chip. Through image processing 
can be obtained automatically both rates and debit 
volume, at passing of the liquid within chip’s channels. 
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NOMENCLATURE 

T -denotes the transposition matrix operation 

10X , 10Y -connecting forces in 1O cylindrical joint 

20X , 20Y -connecting forces in 2O cylindrical joint 

30X , 30Y -connecting forces in 3O cylindrical joint 

40X , 40Y -connecting forces in 4O cylindrical joint 

 OxyzT -fixed reference system

1Ox ,
1Oy -coordinates 1O cylindrical joint

xOv
1

, yOv
1

-velocities projections 1O  cylindrical joint 

xOa
1

, yOa
1

-acceleration projections of 1O point 

2Ox ,
2Oy -coordinates 2O cylindrical joint

xOv
2

, yOv
2

-velocities projections 2O cylindrical joint 

xOa
2

, yOa
2

-accelerations projections of point 2O  

3Ox ,
3Oy -coordinates of point 3O

xOv
3

, yOv
3

-velocities projections of 3O  cylindrical joint 

xOa
3

, yOa
3

-acceleration projections of point 3O

4Ox ,
4Oy -coordinates of 4O  cylindrical joint

1 -self rotation angle of element 1 

z1 -angular velocity projection on Oz axe of element 1

z1 -angular acceleration of element 1

2 -self rotation angle of element 2 

z2 -angular velocity projection on Oz axe of element 2

z2 -angular acceleration of element 2

3 -self rotation angle of element 3 

z3 -angular velocity projection on Oz axe of element 3

z3 -angular acceleration of element 1 

1l -length of element 1 of the mechanism 

2l -length of element 2 of the mechanism 

3l -length of element 3 of the mechanism 

1. INTRODUCTION

We will consider the articulated quadrilateral mechanism 
as it is shown in the figure below (Fig.1). Since the very 
beginning we will consider that all the points of its 
elements are in one plane throughout the movement. The 
kinematics of the articulated quadrilateral mechanism 
was studied using transfer functions [2]. We propose 
ourselves to perform the complete kinematical analysis 
of this mechanism using the principle of virtual work. 
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Figure 1. Articulated quadrilateral mechanism

The kinematical positional analysis of the articulated 
quadrilateral mechanism was performed using an 
analytical method [2]. The paper [8] presents an 
incremental numerical method used for the positional 
kinematical analysis of the same mechanism.  

 

2. WRITING THE RELATIONSHIPS BETWEEN 
THE FIRST ORDER KINEMATICAL 
PARAMETERS USING THE PRINCIPLE OF 
VIRTUAL MECHANICAL WORK 

In order to write the relationships between kinematical 
parameters of the first order using the principle of the 
virtual mechanical work, we will have to replace the 

inner and outer connections of the mechanism will be 
replaced by their mechanical effect. Since the 
mechanical effect of a constraint is given by the 
constraint force, the joints will be considered removed 
and replaced with the corresponding constraint forces 
(Fig.2). The joint 1O is replaced by the corresponding 

forces 10X and 10Y . The joint 2O is removed and 

replaced by the corresponding forces 20X and 20Y .The 

joint 3O is removed and replaced by the forces 

30X and 30Y . Finally the joint 4O is removed and 

replace by the forces 40X and 40Y . 

 
Figure 2. Articulated quadrilateral mechanism with the links removed and replaced by the corresponding constraint forces 

The mathematical expression of the principle of virtual 
mechanical work will be written in matrix form as 
follows: 

 0 vτ
Tc  (1) 
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TTc

O
Tc

O
Tc

O
c







321
ττττ  (2) 

  TTTT
321 vvvv   (3) 

  TzyOxO vv 11
11

v  (4) 

  TzyOxO vv 22
22

v  (5) 

  TzyOxO vv 33
33

v  (6) 

 321 321
vτvτvτvτ 

Tc
O

Tc
O

Tc
O

Tc  (7) 

 
 
 T

xy

Tc
O

YpXpYX

YX

2012012020

1010 0
1



τ
 (8) 

 
The relationship (8) can be written in a concise 
form as follows: 
 

 201210111
FAFAτ c

O  (9) 

 

T











010

001
11A  (10) 

  TYX 101010 F  (11) 

 

T

x

y

p

p







 


1

1
12 10

01
A  (12) 

  TYX 202020 F  (13) 

 
121 OOx xxp   (14) 

 
121 OOy yyp   (15) 

 
 
 Txy

Tc
O
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2
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
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
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2

2
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232 OOy yyp   (23) 
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
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
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 .44
constLxO   (32) 

 0
4
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Using the expressions (9), (17) and (24), the matrix 
expression of the principle of virtual work (1) becomes: 

 

 

03344033330

2233022220

1122011110









vAFvAF

vAFvAF

vAFvAF

vτ

TTTT

TTTT

TTTT

Tc

 (34) 

 
By performing the calculations we will obtain: 
 

  
 

033440

33322330

22211220

11110











vAF

vAvAF

vAvAF

vAF

vτ

TT

TTT

TTT

TT

Tc

 (35) 

 
The mathematical expression (35) can be written in the 
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following equivalent form: 
 

 00  vAFvτ TTTc  (36) 

  TTTTT
403020100 FFFFF   (37) 

 

 





  



































T

TT

TT

T

T

34
3232

3323
32

32
2212

3232
11

A00

AA0

0AA

00A

A  (38) 

 
From the relation (36) we can easily deduce the 
expression of the constraint forces torque: 
 

 0FAτ c  (39) 

 

In the relation (39) the expression of the matrix A is 
given by the relation (38) and the expression of the 
column matrix 0F is given by the relation (37).The link 

relationship between the first order kinematical 
parameters of the mechanism elements can be deduced 
from the relation (36): 

 

 
18

 0vAT  (40) 

 

The matrix relationship (40) is equivalent to eight scalar 
relationships. The following equation can be added to 
the relationship (40): 

 

 .11 constz   (41) 

 

The relationships (40) and (41) can be written together in 
matrix form as follows: 

 

 1 CvD  (42) 

  TTA BD   (43) 

  
  



19

00100



B  (44) 

  T

  


91

10000



C  (45) 

 

In conclusion the matrix D will have the following 
expression: 

  

 

 





 







































221

34
3232

3323
32

32
2212

3232
11

BBB

A00

AA0

0AA

00A

D

T

TT

TT

T

 (46) 

  1001 B  (47) 

  00032  BB  (48) 

 

In the next paragraph the differential equations 
characterizing from the kinematical point of view the 
movement of the articulated quadrilateral mechanism 
will be established. 

 

3. ESTABLISHING DIFFERENTIAL 

EQUATIONS CHARACTERIZING THE 

MOTION OF THE ARTICULATED 

QUADRILATERAL MECHANISM 

 

In order to determine the differential equations 
describing cinematically the movement of the articulated 
quadrilateral mechanism, the relation (42) will be 
derived twice in relation to the time and it will be 
obtained: 

  

 
19

2


 0vDvDvD   (49) 

 

 





 

   









































313131

34
3232

3323
32

32
2212

3232
11

000

A00

AA0

0AA

00A

D

T

TT

TT

T









  (50) 
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 





 

   









































313131

34
3232

3323
32

32
2212

3232
11

000

A00

AA0

0AA

00A

D

T

TT

TT

T









  (51) 

 









000

000
11
TA  (52) 

 






 


x

yT

p

p

1

1
12 00

00




A  (53) 

 









000

000
22
TA  (54) 

 yOxOOOx vvxxp
12121    (55) 

 yOyOOOy vvyyp
12121    (56) 

 






 


x

yT

p

p

2

2
23 00

00




A  (57) 

 









000

000
33
TA  (58) 

 






 


x

yT

p

p

3

3
34 00

00




A  (59) 

 xOxOOOx vvxxp
23232    (60) 

 yOyOOOy vvyyp
23232    (61) 

 xOOOx vxxp
3343    (62) 

 yOOOy vyyp
3343    (63) 

 









000

000
11
TA  (64) 

 






 


x

yT

p

p

1

1
12 00

00




A  (65) 

 









000

000
22
TA  (66) 

 xOxOyOxOx aavvp
12121    (67) 

 yOyOyOyOy aavvp
12121    (68) 

 






 


x

yT

p

p

2

2
23 00

00




A  (69) 

 









000

000
33
TA  (70) 

 






 


x

yT

p

p

3

3
34 00

00




A  (71) 

 xOxOxOxOx aavvp
23232    (72) 

 yOyOyOyOy aavvp
23232    (73) 

 xOxOxOx avvp
3343    (74) 

 yOyOyOy avvp
3343    (75) 

  TTTT
321 vvvav    (76) 

  TTTT
321 aaaav   (77) 

  TzyOxO vv 111
11

  av  (78) 

  TzyOxO aa 111
11

 av  (79) 

  TzyOxO vv 222
22

  av  (80) 

  TzyOxO aa 222
22

 av  (81) 

  TzyOxO vv 333
33

  av  (82) 

  TzyOxO aa 333
33

 av  (83) 

 

The matrix relation (49) represents a system of second 
order differential equations written in matrix form. It 
will be transformed into a system of eighteen differential 
equations of the first order. In order to do this, the 
following substitution will be made: 

 

 av   (84) 

 

The relationship (84) will be replaced in the relation (49) 
and it will be obtained: 

 

 
19

2


 0vDaDaD   (85) 
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  TTTT
321 aaaa    (86) 

  TzyOxO aa 11
11

 a  (87) 

  TzyOxO aa 22
22

 a  (88) 

  TzyOxO aa 33
33

 a  (89) 

 

The terms appearing in the relationship (85) are 
generally dependent on the position parameters that are 
unknown. Between the position kinematical parameters 
and the velocities (kinematical parameters of the first 
order) the following matrix relationship can be written: 

 

 vx   (90) 

  T
221 xxxx    (91) 

  TOO yx 11 11
 x  (92) 

  TOO yx 22 22
 x  (93) 

  TOO yx 33 33
 x  (94) 

 

Matrix relationships (84), (85) and (90) form a system of 
twenty-seven differential equations of the first order with 
twenty-seven unknowns. This system will be solved 
using numerical integration methods. 

 

4. SOLVING THE SYSTEM OF DIFFERENTIAL 

EQUATIONS AND OBTAINING RESULTS 

 

The numerical solving of a twenty-seven differential 
equations system is quite difficult. For this reason, a 
computing program was developed using MATLAB 
software. The following input data are required to run 
the program: 

  

 ][11 metersl   (95) 

 ][32 metersl   (96) 

 ][43 metersl   (97) 

 ][54 metersl   (98) 

 ].sec[101 radians  (99) 

 

The following initial conditions are also required: 

 ][000
11

metersyx OO   (100) 

 ][00
1 radians  (101) 

 ][11
0

2
meterslxO   (102) 

 ][00
2

metersyO   (103) 

 ][1864.10
2 radians  (104) 

 ][125.20
3

metersxO   (105) 

 ][7810744.20
3

metersyO   (106) 

 ][7688.00
3 radians  (107) 

 ].sec[000
11

metersvv yOxO   (108) 

 ].sec[100
1 radiansz   (109) 

 ].sec[00
2

metersv xO   (110) 

 ].sec[100
2

metersv yO   (111) 

 ].sec[5.20
2 radiansz   (112) 

 ].sec[29568.60
3

metersv xO   (113) 

 ].sec[1875.70
3

metersv yO   (114) 

 ].sec[5.20
3 radiansz   (115) 

 ]sec[0 200
11

metersaa yOxO   (116) 

 ]sec[0 20
1 radiansz   (117) 

 ]sec[100 20
2

metersa xO   (118) 

 ]sec[0 20
2

metersa yO   (119) 

 ]sec[30541.32 20
2 radiansz   (120) 

 ]sec[1875.17 20
3

metersa xO   (121) 

 ]sec[7253.53 20
3

metersa yO   (122) 

 ]sec[6412.12 20
3 radiansz   (123) 

 

Coordinates, velocity and acceleration of the 4O point of 

the mechanism are obviously equal to zero for the entire 
duration of the movement because it is fixed. The 
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computing program is running taking into account the 
input data and initial conditions and the results presented 
in the figures below (Fig.3-Fig.5) will be obtained. The 
angular velocity of the leading element “1” is considered 
constant throughout the movement. For this reason, the 

variation of the magnitude of the 1 angle relative to time 

is linear and its angular velocity is constant is equal to 
zero all the time of the mechanism movement. 

 

 

Figure 3. Movement of the “1” element of the mechanism in relation to time 
 
 

 

Figure 4. Movement of the “2” element of the mechanism in relation to time 
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Figure 5. Movement of the “3” element of the mechanism in relation to time 

5. CONCLUSIONS 

 

A mathematical model was developed in the paper, with 
which the complete kinematics analysis of the articulated 
quadrilateral mechanism was performed. 

Relationships between kinematical parameters of the 
elements of the mechanism were established using the 
principle of virtual mechanical work. 

Using the kinematical analysis method presented in the 
paper, one can determine the position, velocity and 
acceleration of any point that belongs to any element of 
the mechanism. 
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Abstract: The descriptive geometry constitues the foundation of the engineering sciences, so necessary to the specialists of this field. 
The aim of this paper is to establish the intersection curve between two cylinders and their unfoldings, by using the 
programmes:AutoCAD and Mathematica.  We used the classical method and we first establish the intersection curve and then the 
cylinders unfoldings. To do this, we used the AutoCAD program. The same unfoldings can be obtained by introducing directly the 
curve equations (which are inferred) in Mathematica program. 

Keywords: unfolding, intersection curve, generator 

1. THE CLASSIC METHOD OF DETERMINING
THE CYLINDERS UNFOLDINGS

The calculation of the cylinders unfoldings has many 
practical applications, especially in the connecting of the 
pipes of equal or different diameters. 
Thus in the Figure 1 is represented the intersection curve 
between the C1 (D = 40 mm) and C2 (d = 14 
mm)cylinders [1-3]. 

Figure 1. The intersection curve between the 
cylinders 

 The intersection curve is determined at the intersection 
of the generators from the A, B, ..., H and M, N, ..., R 
points. The elements required to construct the unfolding 
are in real-time purge because the cylinder generators are 
parallel to the projection planes. 

The unfolding of the C1 cylinder (Figure 2) is a rectangle 
whose sides are the length of the cylinder base circle, 
D and the length of the generator.

Figure 2. The unfolding of the C1 cylinder  

For transposing on the cylinder unfolding of the 
intersection curve, the generators from the R, Q, P, N, 
and M points are represented on the unfolding, 
measuring on the side equal with the length of the base 
circle, RQ = rq, QP = qp, ... , NM = nm. 

On the perpendiculars of these points (cylinders 
generators) are the 1,2, ..., 8 points belonging to the 
intersection curve, measuring on the vertical projection 
the segments r'1 '= R1, q'6' = Q6, ... 

e'
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The C2 cylinder unfolding starts by drawing the base 
circle unfolding 
that is d 

(Figure 
3). 
 
 
 
 
 
 
 
 
 
 

Figure 3. The C2 cylinder unfolding 
 
After dividing this segment into equal parts, because for 
the representation of the generators the base circle was 
also divided into equal parts, from the repeating points 
rises perpendiculars to which the g'2 '= G2, f'7' = F7, ..., 
a'4 '= A4 segments are measured. 
 
 
 
 

 
 
 

 
 
 
 
By joining these points, the second cylinder unfolding is 
developed. 
 

2. ANALYTICAL METHOD FOR 
DETERMINING THE INTERSECTION 
CURVES OF THE CYLINDERS 

 
Ox and Oz axes are considered as coordinate axes for the 
vertical projection  like in Figure 4 [4,5]. 
Unfolding designing involves the following phases: 
- enumeration of the curve equations resulting from the 
intersections of the unfolded surfaces; 
- enumeration of the equations of the transformations 
through the unfolding of the intersection curves. 
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Figure 4. The vertical projection 
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2.1. The calculation of the intersection curve of the C1 
cylinder 
 
Be a M (m, m ') point of coordinates x, y in the purge 
and xd, zd in unfolding. The transformation of the vertical 
projection equation of the curve drawn on the cylinder, 
in the unfolded curve equation can be done by 
expressing the x and z coordinates of xd and zd. 

R

x
RRx dcoscos                           (1) 

 

dzz       (2) 

 
The equations of the cylinders, expressed in the 
reference systems chosen, are: 

 
222

1 : RyxC  ,    (3) 

 
222

2 )(: rdyzC  .   (4) 

Taking the P (p, p ') point of coordinates x and z in the 
purge and xd and zd in unfolding, we will have: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 
 
2.2. The calculation of the unfolding of the 
intersection curve of the C2 cylinder 
 
The equation of the intersection curve of the C1 cylinder 
is obtained by applying the equations (1, 2) to the 
equation (5): 
 

0)cos( 222  rRxRz dd   (6)

      

22 )sin( d
R

x
Rrz d

d    (7)

       
where: 

 aoarcocarcxd , ,   (8)  

 
so: 
      RrdRRrdarctgRxd )(arcsin,)(  .(9) 

 
By replacing the cylinder data, we obtain the following 
curve (Figure 5). 
 

AutomaticoAspectRati

ArcSinArcTanx

xSinSqrt

xSinSqrtPlotShow







]}]5/3[20],5/1[20,{

]},2)^5]20/[20(49[

],2)^5]20/[20(49[[[

 

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 

 

dxx  ,     (10) 

 
 rzrrz dsinsin  . (11) 

 
The equation of the unfolding curve of the C2 cylinder is 
obtained by applying the (10, 11) relations to the (5) 
equation:  
 

-2 2 4 6 8 10 12

-6

-4

-2

2

4

6

Figure 5. The unfolding of the C1 cylinder
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22 )cos( d
r

z
rRx d

d  ,                  (12) 

where: 
 r,rzd  .              (13)

       
By replacing with the cylinder data we will obtain the 
curve from Figure 6. 

,2)^5]7/[7(400[[{  zCosSqrtShowPlot  

]},2)^5]7/[7(400[  zCosSqrt  

]}],7,7,{ AutomaticoAspectRatiPiPiz   

 

 
 
 
 
 
 
 
 
 
 

  

 

REFERENCES 
 
[1] Moncea, J., Desfăşurarea suprafeţelor, Editura 

Tehnică, Bucureşti, 1989. 

[2] Mănescu, M., Geometrie descriptivă. Aplicaţii, 
Editura Didactică şi Pedagogică, Bucureşti, 1995. 

[3]  Ivănceanu, T., Geometrie descriptivă şi desen tehnic, 
Editura Didactică şi Pedagogică, Bucureşti, 1979. 

[4] Popa, Carmen,The classical analytical and numerical 
methods of establishing the oblique cylinders 
unfoldings, International Conference on 
Manufacturing Systems ICMaS, Bucureşti, 2002, 
tome 47, p. 553,  ISBN 973-27-0932-4, ISSN 0035-
4074. 

[5] Popa, Carmen, Metode analitice de determinare a 
desfăşuratelor cilindrilor, The 27-th Annual ARA 
Congress, Oradea, 2002, vol. II, pag. 808, ISBN 2-
553-01024-9. 

 
 
 
 
 
 
 
 
 
 

3. CONCLUSIONS 
 
By applying the two methods, namely descriptive 
geometry and mathematical calculus, we get about the 
same curves. The mathematical computation is much 
more accurate. 
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1. DIRECT ANALOGY

1.1. General relationships of intensity and voltage in 
the RLC series AC circuits 

The RLC series AC circuit contain resistive element, 
capacitive element (capacitor) and inductive element 
(coil) connected in series, being powered by a voltage 
source U0  cos(t) (Figure 1).  

Figure 1. 

The RLC series AC circuit behaves similarly to the 
VOIGT KELVIN mechanical system containing a 
NEWTON dissipative element c and a HOOKE elastic 
member with  stiffness k bound in parallel to an inertial 
mass element m, under the action of a harmonic 
disturbing force F0 cos(t) (Figure 2).  

The RLC series AC circuit consists of a resistor with 
electrical resistance R, a coil having the inductance L 
and a capacitor having the capacitance C, being fed to a 
voltage source of the alternating current: U(t)=U0 
cos(t) (Figure 1). 

Figure 2. 

Take into account the existing relationships between 
the current intensity I(t) and the voltage drops for the 
three elements above: 







dt)t(I
C

1

C

)t(Q
)t(U

;
dt

)t(dI
L

dt

d
)t(U

);t(IR)t(U

C

L

R


 (1) 

From relations (1) are deduced the properties of the 
current intensity in the RLC circuit: 

1. The current intensity I(t) is the ratio between the
voltage at the resistor terminals and the resistance R; 

 Fp = F0 cos t

 x 

 m 
c

k

Fe=k x 

xcR 

U0 cos(t) 

I 

L C R 
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2. The current intensity derivative I(t) is calculate as 
the ratio between the voltage measured at the coil 
terminals and the inductance L; 

3. The integral of the intensity current I(t) is equal to 
the product of the electric charge on the capacitor 
plates Q(t) and the capacitance C; the intensity of the 
electric current is therefore derived in relation to the 
time of the electrical charge in the capacitor: 

dt

)t(dQ
)t(I                   (2) 

Applying Kirchhoff’s Theorem II, to the RLC circuit 
of Figure 1: 

 )t(U)t(U)t(U)t(U RCL0                (3) 

and replacing the voltage drops on the three elements 
(1): 

 tcosU)t(IRdt)t(I
C

1

dt

)t(dI
L 0     (4) 

The differential current equation in the RLC series AC 
circuit was obtained.  

Taking into account the current intensity property in 
the series RLC circuit (2) and deriving the differential 
equation (4) we obtain the differential equation of the 
electric charge Q (t) from an AC series circuit: 

 tcosU)t(Q
C

1
)t(QR)t(QL 0                   (5) 

 

1.2 The complex calculus of current and voltage 
voltages of the RLC series AC circuit 

Using the complex calculation, the differential 
equation of the electric charge (5) is written: 

tj
0 eU)t(q

C

1
)t(qR)t(qL                (6) 

where tj
0 eq)t(q  is the complex electric charge 

Replacing complex electrical charge derivatives 
tj2

0
tj

0 eq)t(q;ejq)t(q       

in equation (6),  the complex amplitude of the electrical 
charge is immediately obtained: 

RjL
C

1

U
q

2

0
0







 




              (7) 

a) the complex electrical charge varies according a 
harmonic law of form: 

)t(j
0

2

tj
0

eQ)t(q

RjL
C

1

eU
)t(q















 




             (8) 

where:  

;

RL
C

1

U
Q

22
2

2

0
0

 





 

                  (9) 










L

C

1
R

tan    

b) the complex intensity of the electric current i(t) is 
derived in relation to the time of complex electrical 
charge q(t): 

 














 







tj
0

tj
0

eI)t(i

L
C

1
jR

eU

dt

)t(dq
)t(i

           (10) 

where:  

R

L
C

1

tan

C

1
LR

U
I

2
2

0
0


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


















           (11) 

We note the capacitor reactance XC: 

C

1
X C               (12) 

 and coil reactance XL: LX L            (13) 

c) the electrical impedance Z  of the RLC AC circuit is 
written: 

  22
LC RXXZ

;L
C

1
jRZ









 


 

            (14) 

The electrical charge of the capacitor Q(t) and the 
electric power I(t) have the expressions: 

)tcos(Q)t(Q 0               (15) 







 

2
tcosQ)t(I 0

            (16) 

where:   








2

;
Z

U
I;

Z

U
Q 0

0
0

0           (16)

   

1.3. Phasor representation of current and voltages 
in the RLC series AC circuit 

a) the complex voltage tj
0 eU)t(u   is represented 

in the complex plane by a phasor U0 rotating in the 
trigonometric sense with the angular velocity . At 
moment t the phasor U0 makes the angle t with the 
real axis; the real voltage U0 cost represents the 
projection of the phasor U0 on the real axis and the 
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complex voltage jU0 sint the projection on the 
imaginary axis (Fig.3). The expression of the complex 
supply voltage u0(t) is: 

   
tj

00

000

eU)t(u

tsinUjtcosU)t(u







            (17) 

b) the complex intensity i(t) given by the relation (10) 
is represented in the complex plane by a phasor I0 
which rotates with the phasor U0 in the trigonometric 
sense with the same angular velocity , being phased 
in front of the phasor U0 with the angle  (Figure 3): 

 
R

XX
tan;RXXZ

;
Z

U
I;eI)t(i

LC22
LC

0
0

)t(j
0


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 





       (18) 

 

                  

 

 

 

Writing Kirchhoff’s theorem II (2) into the complex 
and replacing the expressions of the complex 
derivative and integrative i(t), is obtained the same 
expression of complex intensity i(t): 

;eIj
dt
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





 


 


L

C

1
jRZ             (19) 

c) the complex voltage at resistor uR (t) is the product 
of complex intensity i(t) and resistance R; this is 
represented in the complex plane by a UR phasor 
rotating in the trigonometric sense with angular 
velocity  being in phase with the phasor I0 (fig.4): 

)t(j
0R eIR)t(u               (20) 

d. The complex voltage on the capacitor uC(t) is the 
ratio between the complex intensity integral and the 
capacity of the capacitor C and is represented in the 
complex plane by a phasor UC rotating in the 
trigonometric sense with the same angular velocity  
being following the intensity phasor I0 being phased in 
behind with /2 radians (figure 4): 
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
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           (21) 

e. The complex voltage at the coil terminals uL(t) is the 
product of the inductance L of the coil and the complex 
intensity derivative i(t) and is represented in the 
complex plane by a UL phasor rotating in the 
trigonometric sense with the same angular velocity  
being offset in front of intensity phasor I0 and UR being 
phased in front with /2 radians (Figure 4): 

 






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
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2
tj
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eLjI
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)t(di
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






           (22) 

 

1.4. The electrical impedance of the RLC series AC 
circuit 
In the case of the RLC series, the electric impedance Z, 
is equal to the ratio between the complex supply 
voltage u0(t) and the complex intensity i(t): 

j

0

00 e
I

U

)t(i

)t(u
Z               (23)  

The study of electromagnetic oscillations in the RLC 
series circuit AC with the electric impedance Z allows 
an intensity analysis due to applied harmonic voltages. 

 The impedance method is based on: 

- the resistive impedance R, according to the relation 
(20), a real number that does not depend on the 
frequency of the supply voltage: 

R
)t(i

)t(u
Z R

R              (24) 

- the capacitive impedance XC, according to the 
relation (21), a complex number depending 
inversely proportional to the frequency of the 
supply voltage: 
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C
C

C Xj
Cj

1

)t(i

)t(u
Z 





           (25) 

- the inductive impedance XL according to the 
relation (22) which is a complex number that 
depends directly on the frequency of the supply 
voltage: 

L
L

L XjLj
)t(i

)t(u
Z               (26) 

The electrical impedance of the RLC series AC is 
calculated by the sum of the impedances of the three 
elements, since the complex relationship of the 
voltages (3) can also be written: 
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The electrical impedance of the RLC series AC is:  
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        (28) 

If the complex phases, the phasors UR, UL, UC, I0 and 
U0 are represented so that I0 and UR coincide with the 
real axis, the constructions of Figure 5 are obtained: 

- for UL <UC (Fig. 5.a), the current I0 is in front of 
the supply voltage U0 with the angle  and we 
have a capacitive RLC circuit; 

- for UL> UC (Fig. 5.b), the current I0 is behind of 
the supply voltage U0 with the angle  and we 
have an inductive series RLC circuit; 

- for UL = UC (Fig. 5.c), the current I0 is in phase 
with the supply voltage U0 - the circuit is resonant 
and we have a resistive RLC circuit 

The condition for resonance is imposed by equality: 

XL = XC : 

CL

1

C

1
L r


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
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1.5. Active and reactive electrical power in the RLC 
circuit AC 
The actual value of a harmonic magnitude x(t) is: 

  0

T

0
0ef x

2

2
dt)tcos(x

T

1
x              (30) 

The complex instantaneous power is the product of the 
complex effective voltage u0ef and the complex 
effective intensity ief: 
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The complex instantaneous power is represented in the 
complex plane by a phasor N0 that makes the angle  
with the real axis (Figure 6): 

                     
 

Figure 5. 
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The real power component of the instantaneous power 
(31) corresponding to the resistive element is called 
active electrical power: 

  22
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            (32) 

The complex component of the instantaneous power 
(31) corresponding to the capacitive and inductive  
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           (33) 

 

In Table 1 we can see the direct analogy between the 
mechanical and electrical quantities corresponding to 
the mechanical vibrations  

 

 
Table 1. 

 

VOIGT KELVIN Vibration Differential Vibration 
Equation/ complex solution 

 Differential Equation of electromagnetic oscillations in 
the RLC circuit AC series/ complex solution 
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The excitation harmonic force : 

 tcosF)t(F 0   

 The electrical supply voltage: 

 tcosU)t(U 0   

The complex displacement: 

z(t) 

 The complex charge: 

q(t) 

The mass: 

m 

 The inductance of coil:  

L 

The damping coefficient: 

 c 

 The resistance of resistive element:  

R 

The stiffness of elastic element:  

1/k 

 The capacitance of capacitive element:  

C 

The impedance of mass: 
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 The impedance of coil: 
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The impedance of damping element: 
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 The complex electric charge: 
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The complex acceleration: 
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 The complex electric voltage: 
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The real and complex component of instantaneous 
complex  mechanical power: 
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 The real and complex component of instantaneous 
complex  electrical power: 
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2
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1.6. Conclusion to direct analogy 

The direct analogy between the mechanical phenomena 
of vibrations of the elastic mechanical system VOIGT 
KELVIN and the electromagnetic field oscillations in 
the RLC series AC refers to the connection between: 

- the complex body displacement and complex 
electrical charge in the capacitor plates, 

- the complex body velocity and complex resistor 
intensity, 

- the complex body acceleration and complex 
electrical voltage in the coil, 

- the mechanical impedance of the mass and the 
electrical impedance of the coil, 

- the mechanical impedance of the damper and the 
electrical impedance of the resistor, 

- the mechanical impedance of the spring and the 
electrical impedance of the capacitor, 

- the mechanical impedance of the VOIGT KELVIN 
system and the electric impedance of the RLC 
series electric circuit, 

- the phase between the velocity and the excitation 
force, the phase shift between the electrical and 
voltage, 

- the active and reactive mechanical power and 
active and reactive electrical power. 

 

2. REVERSE ANALOGY 

2.1. General relationships of intensity and voltage in 
the RLC parallel AC circuits 

The RLC parallel AC circuit contain resistive element, 
capacitive element (capacitor) and inductive element 
(coil) connected in parallel, being powered by a 
voltage source U0  cos(t) (Figure 7).  

 
Take into account the existing relationships between 
the current voltage U(t) and the current intensity for the 
three elements above, according to first Kirchhoff’s 
theorem the following relation can be written: 

)t(I)t(I)t(I)t(I CLR        (34) 

U0 

Figure 7. 

L C R

IL IC IRI0 cos(t) 
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)t(I
dt

)t(dU
Cdt)t(U

L

1

R

)t(U
            (36) 

We obtain the differential voltage relationship 
according to the intensity I(t) in the parallel AC RLC 
circuit. If derivate the differential equation (36) the 
differential equation of voltage U(t) is obtained: 

dt

dI
)t(U

L

1
)t(U

R

1
)t(UC                (37) 

 

2.2. The complex calculus of current and voltage 
voltages of the RLC parallel AC circuit 

Using the complex calculation, the differential 
equation of the electric voltage (37) is written: 

tj
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where tj
0 eu)t(u              (40) 

Replacing complex electrical voltage derivatives: 
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in equation (39),  the complex amplitude of the 
electrical voltage is immediately obtained: 
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where A is electrical admittance: 
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The real solution to the differential equation (37) is: 

)tcos(U)t(U 0             (45) 

The size of electrical admittance A and phase between 
voltage and current can also be written: 
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
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Where the electrical admittance of capacitive and 
inductive element are: 

 C
X

1

C

          (48) 

 



L

1

X

1
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           (49) 

 

2.3. Phasor representation of current and voltages 
in the RLC series AC circuit 

a) the complex intensity tj
0 eI)t(i   is represented 

in the complex plane by a phasor I0 rotating in the 
trigonometric sense with the angular velocity . At 
moment t the phasor I0 makes the angle t with the real 
axis; the real intensity I0 cost represents the 
projection of the phasor I0 on the real axis and the 
complex intensity jI0 sint the projection on the 
imaginary axis (Figure 8).  

The expression of the complex intensity u0(t) is: 
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b) the complex voltage u(t) given by the relation (42) is 
represented in the complex plane by a phasor U0 which 
rotates with the phasor I0 in the trigonometric sense 
with the same angular velocity , being phased behind 
of the phasor I0 with the angle  (Figure 9). 

The complex voltage amplitude u0 results from the first 
Kirchhoff’s theorem (34) written in the complex: 
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The complex voltage u(t) can be written: 
)t(j
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c. the complexity intensity through the resistor iR(t) is 
the ratio between the complex voltage u(t) and the 

resistance R and is represented in the complex plane by 
an IR phasor which rotates with the phases U0 and I0 at 
the same angular velocity   being in phase with the 
phasor I0 (Figure 9): 
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           (55) 

d. The complex intensity of the capacitor iC(t) is the 
product of the complex voltage derivative and the 
capacity of the capacitor C ; they is represented in the 
complex plane by a phasor IC which rotates with the 
phases U0 and I0 at the same angular velocity  in front 
of the beam I0 with the angle /2  radians (Figure 9): 
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e) the complex intensity through the coil iL(t) is the 
ratio between the integral of the complex voltage u(t) 
and the inductance L of the coil, and is represented in 
the complex plane by a phasor IL which rotates with the 
phases U0 and I0 at the same angular velocity , being 
phased behind the phasor I0 with the angle /2  radians 
(Figure 9): 
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Figure  10. 

Axa  Reală

A
xa

  I
m

ag
in

ar
ă 

 U0  

 I0  

  

 IL  

IC  

IR  

a. b. 

A
xa

  I
m

ag
in

ar
ă 

U0 

 

 IL  IC 

 IR 

 I0 

A
xa

  I
m

ag
in

ar
ă  IL   IC  

c. 

 U0 

I0= IR  

Axa  Reală 

Figure 9. 

A
xa

  I
m

ag
in

ar
ă 

 IR  

 

 IC  

 IL  

 U0 

 I0  

 t

63



The Scientific Bulletin of VALAHIA University MATERIALS and MECHANICS –Vol. 17, No. 16 

 

 

2.4. The electrical admittance of the RLC parallel 
AC circuit 

In the case of the RLC parallel, the electric admitance 
A, is equal to the ratio between the complex intensity 
i(t) and the complex supply voltage u0(t) (51): 
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1
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1
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The study of electromagnetic oscillations in the RLC 
parallel circuit AC with the electric admittance A 
allows a voltage analysis and they is based on: 

- the resistive admittance according to the relation 
(55) is a constant number, which does not depend 
on the frequency of the current: 

R
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)t(u

)t(i
A R

R               (59) 

- the capacitive admittance according to the relation 
(56) is a complex number that depends directly on 
the frequency of the supply voltage: 
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- the inductive admittance according to the relation 
(57) is a complex number that depends inversely 
proportional to the frequency of the supply 
voltage: 
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The electrical admittance of the parallel RLC circuit is 
calculated by the sum of the admittances of the three 

elements, because the complex relation of the 
intensities can be written: 
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If the phasors IL , IC , UR and I0 are represented so that 
I0 and UR are in phase and coincide with the real axis, 
is obtained figure 10, which shows: 

- for IL <IC (Fig. 10.a), the current I0 is offset in 
front of the supply voltage U0 with the angle  
and we say that we have a capacitive parallel RLC 
circuit; 

- for IL> IC (Figure 10.b), the current I0 is broken 
down from the supply voltage U0 with the angle  
and we say that we have an inductive parallel RLC 
circuit; 

- for IL = IC (Figure 10c), the current I0 is in phase 
with the supply voltage U0 is equal to the current 
in the IR resistor and we say that the circuit is 
resonant. The condition for achieving the 
resonance is imposed by the equality  

AL = AC: 
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1
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
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2.5. Active and reactive electrical power in the RLC 
parallel circuit AC 
 

The complex instantaneous power is the product of the 
complex effective voltage u0ef and the complex 
effective intensity ief: 

Figure  11. 
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The complex instantaneous power is represented in the 
complex plane by a phasor N0 that makes the angle  
with the real axis (Figure 12). 

The real power component of the instantaneous power 
(65) corresponding to the resistive element is called 
active electrical power: 
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The complex component of the instantaneous power 
(65) corresponding to the capacitive and inductive  
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Table 2 shows the inverse analogy between mechanical 
and electrical quantities corresponding to mechanical 
vibrations and electromagnetic oscillations in parallel 
RLC circuit AC. 

 
Table 2. 

 

 VOIGT KELVIN Vibration Differential Vibration 
Equation/ complex solution 

 Differential Equation of electromagnetic oscillations 
in the RLC circuit AC series/ complex solution 
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The excitation harmonic force:  
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 The electrical intensity derivative: 
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The complex displacement: 
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 The complex voltage: 
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The mass: 

m 

 The capacitance of capacitive element:  
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The damping coefficient: 

 c 

 The resistance of resistive element:  
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 The inductance of coil:  

L 
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The complex acceleration: 
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2.6. Conclusion to reverse analogy 

The reverse analogy between the mechanical 
phenomena of vibrations of the elastic mechanical 
system VOIGT KELVIN and the electromagnetic field 
oscillations in the RLC parallel AC circuit refers to the 
connection between: 

- the complex body displacement and complex 
electrical intensity in the coil, 

- the complex body velocity and complex voltage 
supply, 

- the complex body acceleration and complex 
intensity of capacitive element, 

- the mechanical impedance of the mass and the 
electrical admittance of capacitive element, 

- the mechanical impedance of the damper and the 
electrical admittance of resistor, 
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- the mechanical impedance of the spring and the 
electrical admittance of coil, 

-  

 

- the mechanical impedance of the VOIGT KELVIN 
system and the electric admittance of the RLC 
parallel electric circuit, 

- the phase between the velocity and the excitation 
force, the phase between the electrical and voltage, 

- the active and reactive mechanical power and 
active and reactive electrical power. 

Direct analogue circuit RLC series AC circuits and 
reverse analogue RLC parallel AC circuits refers to the 
connection between complex speed and complex 
voltage, between mechanical impedance and electrical 
admission.  
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Abstract: Additive Manufacturing (AM) concerns all classes of materials – polymers, metals, ceramics and glasses as well. For this 
reason, AM is in the focus of material scientists from all branches. Leaders of the industry realize that the possibilities of 3D printing 
are endless, and that these possibilities need ways and means to be taken full advantage of. Today, aerospace engineers are using the 
fused deposition modeling (FDM) method for rapid prototyping, part manufacturing, and tooling. They are followed by leaders and 
engineers from industry (industrial machines, motor vehicles, consumer products, medical/dental) but also from academic 
institutions and government/military. 
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1. INTRODUCTION  
 

3D geometry parametric design of osteo-articular joints, 
mechanical parameters design and analysis, FEM – 
Finite Element Method Analysis, computer-assisted 
design and quantitative/quality analysis of functional 
prototypes, with wide applicability in cranio-maxillo-
facial aesthetic surgery, neurosurgery and 
transdisciplinary domains such as aerospace, innovative 
materials, products and processes, information 
technology and communications,  biotechnology and 
textiles. 

The human body has a highly complex geometry and its 
aesthetic plays an important role in social integration. 
Customized implants, which take into account the 
individuality of every person, are highly demanded on 
the market, tending to replace the standard implants, and 
most of them are very aesthetic. These new approaches 
will coordinate the research work to produce such 
implants via Additive Manufacturing technologies, 
which can be used in a wide range of surgical specialties, 
like orthopedics, neurosurgery, cranio-maxillo-facial 
surgery, orthopedy-traumatology, external ortheses 
(various surgical corsets, hearing aids, parts of 
exoskeleton), etc. 

AM is very important for external orthopedics (orthesis) 
in contact with the body. It allows to involve a wider 
choice of materials than these only validated for 
implants. 

The industry focus now change, from substractive 
technologies to additive technologies, which mean eco-
friendly designed machines, with a lot of electronics 
embedded, and ready for the Industry 4.0 revolution. 
They are followed by leaders and engineers from 
industry (industrial machines, motor vehicles, consumer 
products, medical/dental) but also from academic 
institutions and government/military. 

 

Figure 1. Additive manufacturing by Industry Sectors (%) 

All the parts designed in CAD can be produced in short 
time, with less man power, and in an automatic way. The 
complexity isn’t an issue any more, even very complex 
design can be created with a very high precision and 
accuracy. [1] 
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Additive Manufacturing empower the creativity of the 
engineers, being the right tool to bring to life new 
concepts, functional assemblies, ready to be tested in a 
real-world scenario 

 

 
2. RELEVANCE AND TIMELINESS 
 
 
The approached research area is one of the most exciting 
research areas at international level. 
The list below provides only a few of the top domain 
level users of the e-Manufacturing technologies: NASA - 
National Aeronautics and Space Administration, Boeing, 
ESA – European Space Agency, Toyota, Ford, 
Cambridge University, MIT University, Materialise NV, 
DuPont, Zimmer and many others. 
Every single top technology entity is starting to use this 
technology, and most importantly, the aforementioned 
top domain level users come from a wide range of 
economic sectors. [2] 
 
Since the emerging of the Additive Manufacturing 
technologies, they evolved rapidly, fast-paced and 
continuously adapting to market demands. Thus, a 
promising new era of digital environment arise. 
Tightly related to the manufacturing which is digitally 
connected now, also known as “Industry 4.0”, they 
encompass a large variety of technologies, ranging from 
3D printing to bioprinting, new materials development 
and enhanced production systems. 
In the European Parliament, one of the largest legislative 
body in the world, there are meetings debating the future 
influence of the Additive Manufacturing and 3D 
Printing. According to the conclusions of these meetings, 
it is a must for european leaders and industry factors, 
together with academia and research to develop and 
advance additive manufacturing technologies and to 
implement them in SMEs. [3] 
 
It is necessary to have a common strategy, combined 
with the involvement of all stakeholders, to create 
critical mass of specialists, researchers, technology and 
knowledge to create the impetus necessary for the 
healthy development of this fieldAdvanced technologies 
for manufacturing , which include additive 
manufacturing and 3D printing, are becoming globally 
recognized as a force to be reckoned with, presenting the 
potential to reduce supply chain cost, increase 
sustainability (by saving materials and energy waste), 
and fundamentally alter how we produce both 
commercial and industrial goods. 
Recognizing this, Europe has proven to be a leader in 
certain AM-related fields, including metal 3D printing. 
However, if Europe wants to remain competitive—
particularly since regions like USA, China, and Japan 
rapidly advance—it must establish a unified, 
comprehensive strategy to ensure “steady, long-lasting, 
and consistent development” of 3D printing technology 
within its borders. 

 

 

Figure 2. Additive Manufacturing Could Disrupt A Lot of 
Aerospace Markets 

 
There are many opinions that over the next decades 3D 
will virtually be able to print anything at a very low cost 
and in less time than would be achieved by conventional 
technology, some applications of aditive manufacturing 
being absolutely unbelievable. Obviously, once AM 
technology evolves and becomes mature, as in the case 
of robotics development, there will be major societal 
changes where the traditional plants in the form we now 
know will turn into fully automated factories, where the 
robots will ensure the flow of the production of additive 
manufactured parts and, why not, even at the level of 
cosmic space, by placing on the surface of some planets 
of interest (eg Mars) of such equipment, facilitating less 
colonization costly and faster way. 
 
3. INNOVATION POTENTIAL 
 
AM combines wide-spread methods – and they are still 
under development. 
The state of development is quite different as far as the 
different classes of materials are considered. In case of 
polymers and metals, AM has already attained 
production level, whereas for ceramics, glasses or hard 
metals the development is right at the beginning. This 
can be emphasized by the Gartner Hype curve (see 
Figure 3), where AM for ceramics is at the beginning of 
the first slope. 

 

Figure 3. Hype-Cycle-for-Emerging-Tech-2018 
 
The reason for these differences can be seen in the 
complexity of the shaping technology of ceramics. 
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Polymers and metals can be molten either in a nozzle or 
under exposure to a laser or electron beam. The Electron 
Beam Technology is already used for the production of 
complex parts for medical and aerospace applications 
(Lima Corporate and AvioAero-GE Aviation). 
After the AM process, the parts are ready to use or be 
machined in any way, can be polished and even coated if 
required. Ceramic technology however also implies 
powder technology. 
For the shaping of ceramic parts, polymers acting as a 
temporary binder are needed. After shaping, the 
thermoplastic component has to be burnt out and the 
ceramic component must be sintered for attaining the 
final properties. For that reason, a ceramic part made by 
AM is only a semi-finished component. Another 
difficulty can be seen in the large variety of ceramic 
materials – some contain a glassy phase, others are 
sintered only by solid state sintering processes. Some 
powders are dark and absorb visible light, others appear 
to be translucent. 
Some powders decompose under a laser beam, others 
start melting. This is the reason why the ceramic powder 
makes the rules for its treatment. Many AM 
technologies, powder- and suspension-based methods, 
have been developed so far. Each method is suited for a 
certain group of ceramic materials and allows obtaining 
certain materials showing peculiar properties, like dense 
or porous ceramic parts. The layer-wise manufacturing is 
very challenging for the subsequent debinding and 
sintering process of ceramic components due to failure 
or defect initiation. 

The advantage of the technology AM is that it can be 
obtained in experimental models or prototypes of metal 
with mechanical properties higher weights less and 
geometries more complex than the same component 

obtained by the conventional methods, all in a short time 
and manufacturing cost than especially by eliminating 
the need for molds, tools and other SDVs. For these 
reasons, leading companies in the automotive, energy 
and aerospace already using AM technology for mass 
production of components, the trend is that in the end 
can be achieved by AM and critical components or 
assemblies whole (engine, turbine , etc.) with high 
performance and in a very short time. For example, in 
the case of turbines, whether they are used in the energy 
or aerospace industry, additive manufacturing is the most 
"hot" research direction in this field. Knowing that the 
efficiency of the turbomachines is given by the power / 
weight ratio and operating temperatures, it has been 
constantly pursued in recent years to improve both the 
geometry of the components and the materials from 
which they are manufactured. Besides the appearance of 
superalloys with nickel base, a step forward in increasing 
the operating temperatures of turbo engines was the 
development of cooling passages inside the turbine 
blades. But this development has stalled in the absence 
of viable manufacturing methods to replace vacuum 
precision casting method, which showed certain 
limitations as design concepts cooling channels have 
evolved and increasingly sophisticated geometries 
required. To achieve this goal, "Additive Manufacturing" 
is the solution, and in this sense, the first results have 
already emerged worldwide. For example, GE Power 
(USA) announced that the energy efficiency of its 
facilities combined cycle increased by 64% using AM 
that allowed components with complex geometry best, 
impossible so far by manufacturing methods current GE 
Aviation manufactured the injectors from the LEAP 1A 
engine using the AM technology used on the A320 NEO 
and the examples can continue.

Figure 4. New manufacturing milestone: 30,000 additive fuel nozzles
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Although there is a particular interest in the development 
and widespread use of additive manufacturing with 
metallic materials, this technology still has a number of 
features that at least for the time being prevents the use 
of the additive manufactured without further mechanical 
processing and / or the application of other methods 
post-processing (thermal treatments, hot isostatic 
pressing, surface hardening, etc.) in order to reduce the 
anisotropic character of the materials induced by the 
manufacturing method. 

Maybe the most relevant fact that convinced us that 
additive manufacturing is the future of manufacturing, is 
the fact that the most advanced and research-intensive 
entities from the aerospace area use it. GE Aviation, one 
of the large integrated manufacturers, uses it extensively. 
With 3D-printed materials lighter yet stronger parts can 
be obtained with respect to “traditional” manufacturing 
techniques. 

 
Figure 5. Additive Manufacturing Revenue by Years – from MarketandMarkets 

 
4. CONCLUSIONS 
 
The AM approach showed advantages over conventional 
subtractive or formative methods, which are clearly 
illustrated by the great design freedom that can be 
achieved, such as the possibility of producing 
customized geometries or topologically optimized 
geometries for lightweight components. [5] The 
effectiveness of the AM process has been largely 
demonstrated: low production volume if compared with 
high pressure die casting, improving the supply chain in 
the reduction of lead time and the total cost, a reduction 
of the buy-to-fly ratio for the aero engine if compared 
with machining. 
3D printing can be not only used to produce new parts, 
but also to repair existing parts. [6] Hybrid technologies 
combining conventional machining and especially 
directed energy deposition (DED)-type technologies are 
being intensively studied, especially when related to 
aerospace and military sectors. 
From the materials side, ceramics appear to be an 
interesting group of materials, especially for harsh 
environments e.g. with very high temperatures. Ultra-
high temperature ceramics (UHTC) such as ZrB2 and 
ZrC can stand extremely high temperatures (>2000°C) 
and have a very high potential when thinking of 
applications like hypersonic flight systems and rocket 
propulsion systems. 
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